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Abstract
We endow the
√
8/3-Liouville quantum gravity sphere with a metric space
structure and show that the resulting metric measure space agrees in law with
the Brownian map. Recall that a Liouville quantum gravity sphere is a priori
naturally parameterized by the Euclidean sphere S2. Previous work in this series
used quantum Loewner evolution (QLE) to construct a metric dQ on a countable
dense subset of S2. Here we show that dQ a.s. extends uniquely and continuously
to a metric dQ on all of S2. Letting d denote the Euclidean metric on S2, we
show that the identity map between (S2, d) and (S2, dQ) is a.s. Ho¨lder continuous
in both directions. We establish several other properties of (S2, dQ), culminating
in the fact that (as a random metric measure space) it agrees in law with the
Brownian map. We establish analogous results for the Brownian disk and plane.
Our proofs involve new estimates on the size and shape of QLE balls and related
quantum surfaces, as well as a careful analysis of (S2, dQ) geodesics.
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1 Introduction
1.1 Overview
This article is the second in a three part series that proves the equivalence of two
fundamental and well studied objects: the
√
8/3-Liouville quantum gravity (LQG)
sphere and the Brownian map (TBM). Both of these objects can be understood as
random measure-endowed surfaces. However, an instance S of the √8/3-LQG sphere
comes with a conformal structure, which means that it can be parameterized by the
Euclidean sphere S2 in a canonical way (up to Mo¨bius transformation), and an instance
of TBM comes with a metric space structure. The problem is to endow each object
with the other’s structure in a natural way, and to show that once this is accomplished
the two objects agree in law. Although they are part of the same series, the three
articles are extremely different from one another in terms of what they accomplish and
the methods they use. To briefly summarize the current series of articles:
1. The first article [MS15b] used a “quantum natural time” form of the so-called
quantum Loewner evolution (QLE), as introduced in [MS16e], to define a distance
dQ on a countable, dense collection of points (xn) chosen as i.i.d. samples from
the area measure that lives on the instance S of a √8/3-LQG sphere. Moreover,
it was shown that for any x and y sampled from the area measure on S, the value
dQ(x, y) is a.s. determined by S, x, and y. This implies in particular that the
distance function dQ, as defined on (xn), is a.s. determined by S and the sequence
(xn), so that there is no additional randomness required to define dQ.
2. The current article shows that there is a.s. a unique continuous extension dQ of
dQ to all of S, and that the pair (S, dQ), interpreted as a random metric measure
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space, agrees in law with TBM. Moreover, dQ is a.s. determined by S. Thus a√
8/3-LQG sphere has a canonical metric space structure that effectively makes
an instance of the
√
8/3-LQG sphere into an instance of TBM. This statement,
which appears as Theorem 1.4 below, is the first major equivalence theorem for
TBM and the
√
8/3-LQG sphere.
3. The third article [MS16a] will show that it is a.s. possible to recover S when one
is given just the metric measure space structure of the corresponding instance of
TBM. In other words, the map (established in the current article) from
√
8/3-
LQG sphere instances to instances of TBM is a.e. invertible — which means that
an instance of TBM can a.s. be embedded in the sphere in a canonical way (up
to Mo¨bius transformation) — i.e., an instance of TBM has a canonical conformal
structure. In particular, this allows us to define Brownian motion on Brownian
map surfaces, as well as various forms of SLE and CLE.
Thanks to the results in these three papers, every theorem about TBM can be under-
stood as a theorem about
√
8/3-LQG, and vice versa.
But let us focus on the matter at hand. Assume that we are given an instance S of the√
8/3-LQG sphere, endowed with the metric dQ on a countable dense set (xn). How
shall we go about extending dQ to dQ?
By way of analogy, let us recall that in an introductory probability class one often
constructs Brownian motion by first defining its restriction to the dyadic rationals,
and second showing (via the so-called Kolmogorov-C˘entsov theorem [KS91, RY99])
that this restriction is a.s. a Ho¨lder continuous function on the dyadic rationals, and
hence a.s. extends uniquely to a Ho¨lder continuous function on all of R+. The work
in [MS15b] is analogous to the first step in that construction (it constructs dQ on a
countable dense set), and Sections 3, 4, and 5 of the current article are analogous to
the second step. These sections derive Ho¨lder continuity estimates that in particular
imply that dQ can a.s. be continuously extended to all of S2.
Precisely, these sections will show that if (xn) are interpreted as points in S
2 (which
parameterizes S), then for some fixed α, β > 0 it is a.s. the case that, for some (possibly
random) C1, C2 > 0,
C1d(xi, xj)
α ≤ dQ(xi, xj) ≤ C2d(xi, xj)β (1.1)
where d is the Euclidean metric on S2. This will immediately imply that dQ can be
uniquely extended to a continuous function dQ : S2 × S2 → R that satisfies the same
bounds, i.e.,
C1d(xi, xj)
α ≤ dQ(xi, xj) ≤ C2d(xi, xj)β, (1.2)
and is also a metric on S2. Another way to express the existence of C1 and C2 for
which (1.2) holds is to say that the identity map between (S2, d) and (S2, dQ) is a.s.
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Ho¨lder continuous (with some deterministic exponent) in both directions. We will also
show that the metric dQ is a.s. geodesic, i.e. that it is a.s. the case that every pair of
points x, y can be connected by a path whose length with respect to dQ is equal to
dQ(x, y).
Once we have established this, Sections 6, 7, and 8 will show that this geodesic metric
space agrees in law with TBM. The proof makes use of several basic results about
LQG spheres derived in [MS15c], and along with several properties that follow from
the manner in which dQ was constructed in [MS15b]. A fundamental part of the
argument is to show that certain paths that seem like they should be geodesics on the
LQG-sphere side actually are geodesics w.r.t. dQ, which will be done by studying a
few approximations to these geodesics. We will ultimately conclude that, as a random
metric measure space, (S, dQ) satisfies the properties that were shown in [MS15a] to
uniquely characterize TBM.
We remark that the results of the current series of articles build on a large volume of
prior work by the authors and others on imaginary geometry [MS16b, MS16c, MS16d,
MS17], conformal welding [She16], conformal loop ensembles [She09, SW12], and the
mating of trees in infinite and finite volume settings [DMS14, MS15c], as well as the
above mentioned works on quantum Loewner evolution [MS16e] and TBM [MS15a].
We also cite foundational works by many other authors on Liouville quantum gravity,
Schramm-Loewner evolution, Le´vy trees, TBM, continuous state branching processes,
and other subjects. There has been a steady accumulation of theory in this field over
the past few decades, and we hope that the proof of the equivalence of TBM and√
8/3-LQG will be seen as a significant milestone on this continuing journey.
1.2 Main results
In this subsection, we state the results summarized in Section 1.1 more formally as a
series of theorems. In [MS15b], it was shown that if S is a unit area √8/3-LQG sphere
[DMS14, MS15c] and (xn) is an i.i.d. sequence chosen from the quantum measure on S
then a variant of the QLE(8/3, 0) processes introduced in [MS16e] induces a metric
space structure dQ on (xn) which is a.s. determined by S. Our first main result is that
the map (xi, xj) 7→ dQ(xi, xj) a.s. extends to a function dQ on all of S2 × S2 such that
(x, y) 7→ dQ(x, y) is Ho¨lder continuous on S2 × S2.
Theorem 1.1. Suppose that S = (S2, h) is a unit area √8/3-LQG sphere, (xn) is
an i.i.d. sequence chosen from the quantum measure on S, and dQ is the associated
QLE(8/3, 0) metric on (xn). Then (xi, xj) 7→ dQ(xi, xj) is a.s. Ho¨lder continuous with
respect to the Euclidean metric d on S2. In particular, dQ uniquely extends to a Ho¨lder
continuous function dQ : S2 × S2 → R+. Finally, dQ is a.s. determined by S.
Our next main result states that dQ induces a metric on S2 which is isometric to the
metric space completion of dQ, and provides some relevant Ho¨lder continuity.
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Theorem 1.2. Suppose that S = (S2, h) is a unit area √8/3-LQG sphere and that dQ
is as in Theorem 1.1. Then dQ defines a metric on S2 which is a.s. isometric to the
metric space completion of dQ. Moreover, the identity map from (S2, d) to (S2, dQ) is
a.s. Ho¨lder continuous in both directions where d denotes the Euclidean metric on S2.
Recall that a metric space (M,d) is said to be geodesic if for all x, y ∈ M there exists
a path γx,y whose length is equal to d(x, y). Our next main result is that the metric
space dQ is a.s. geodesic.
Theorem 1.3. Suppose that S = (S2, h) is a unit area √8/3-LQG sphere and that dQ
is as in Theorem 1.1. The metric space dQ is a.s. geodesic. Moreover, it is a.s. the
case that for all x, y ∈ S2, each geodesic path γx,y, viewed as a map from a real time
interval to (S2, d), is Ho¨lder continuous.
Combining Theorem 1.2 and Theorem 1.3 with the axiomatic characterization for TBM
given in [MS15a] and the results in the first paper of this series [MS15b], as well as
some additional work carried out in the present article, we will find that the law of the
metric space with metric dQ is indeed equivalent to the law of TBM.
Theorem 1.4. Suppose that S = (S2, h) is a unit area √8/3-LQG sphere and that
dQ is as in Theorem 1.1. Then the law of the metric measure space (S2, dQ, µh) is the
same as that of the unit area Brownian map. Moreover, dQ is a.s. determined by S.
Theorem 1.4 implies that there exists a coupling of the law of a
√
8/3-LQG unit
area sphere S and an instance (M,d, ν) of TBM such that the metric measure space
(S2, dQ, µh) associated with S is a.s. isometric to (M,d, ν). Moreover, by the construc-
tion of dQ given in [MS15b] we have that dQ and hence (M,d, ν) is a.s. determined by S.
That is, the structure (M,d, ν) of TBM is a measurable function of S. The converse
is the main result of the subsequent work in this series [MS16a]. In other words, it
will be shown in [MS16a] that TBM a.s. determines its embedding into
√
8/3-LQG via
QLE(8/3, 0).
We can extract from Theorem 1.4 the equivalence of the QLE(8/3, 0) metric on a unit
boundary length
√
8/3-quantum disk [DMS14] and the random metric disk with bound-
ary called the Brownian disk. The Brownian disk is defined in different ways in [BM17]
and [MS15a] and is further explored in [LGA18]. The equivalence of the Brownian disk
definitions in [BM17] and [MS15a] will be established in the forthcoming work [JM].
We can similarly extract from Theorem 1.4 the equivalence of the QLE(8/3, 0) metric
on a
√
8/3-quantum cone [She16, DMS14] and the Brownian plane [CLG14]. We state
this result as the following corollary.
Corollary 1.5. (i) Suppose that D = (D, h) is a unit boundary length √8/3-LQG
disk. Then the law of (D, dQ, µh) is the same as that of the unit boundary length
Brownian disk. Moreover, the identity map from (D, d) to (D, dQ) is a.s. Ho¨lder
continuous in both directions where d denotes the Euclidean metric on D.
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(ii) Suppose that C = (C, h, 0,∞) is a√8/3-quantum cone. Then the law of (C, dQ, µh)
is the same as that of the Brownian plane. Moreover, the identity map from (C, d)
to (C, dQ) is a.s. locally Ho¨lder continuous (i.e., Ho¨lder continuous on compact
sets) in both directions where d denotes the Euclidean metric on C.
In both cases, dQ is a.s. determined by the underlying quantum surface.
Part (i) of Corollary 1.5 follows from Theorem 1.4 because both a unit boundary length
quantum disk and the Brownian disk can be realized as the complement of the filled
metric ball. That is, if (S, x, y) denotes a doubly-marked instance of TBM (resp.√
8/3-LQG surface) then for each r > 0 the law of the y-containing component of the
complement of the ball centered at x of radius r conditioned on its boundary length is
that of a Brownian disk (resp. quantum disk), weighted by its area. Indeed, this follows
in the case of the Brownian disk from its construction given in [MS15a] and this follows
in the case of a
√
8/3-LQG sphere from the basic properties of QLE(8/3, 0) established
in [MS15b].
Part (ii) of Corollary 1.5 follows from Theorem 1.4 because a
√
8/3-quantum cone
is given by the local limit of a
√
8/3-LQG sphere near a quantum typical point and
likewise the Brownian plane is given by the local limit of TBM near a typical point
sampled from TBM’s intrinsic area measure [CLG14, Theorem 1].
It will also be shown in [MS16a] that the unit boundary length Brownian disk (resp.
Brownian plane) a.s. determines its embedding into the corresponding
√
8/3-LQG sur-
face via QLE(8/3, 0).
The proofs of Theorems 1.1–1.4 and Corollary 1.5 require us to develop a number
of estimates for the Euclidean size and shape of the regions explored by QLE(8/3, 0).
While we do not believe that our estimates are in general optimal, we are able to obtain
the precise first order behavior for the Euclidean size of a metric ball in dQ centered
around a quantum typical point. We record this result as our final main theorem.
Throughout this work, we will make use of the following notation. We will write B(z, )
for the open Euclidean ball centered at z of radius  and write BQ(z, ) for the ball
with respect to dQ.
Theorem 1.6. Suppose that S = (S2, h) is a unit area √8/3-LQG sphere and that
z is picked uniformly from the quantum measure on S. Then we have (in probability)
that
log diamBQ(z, )
log 
→ 6 as → 0.
That is, the typical Euclidean diameter of BQ(z, ) for quantum typical z is 6(1+o(1)) as
→ 0. The same also holds if we replace S with the unit boundary length √8/3-LQG
disk or a finite mass open subset of a
√
8/3-quantum cone.
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To put this result in context, recall that a typical radius  ball in TBM has Brownian
map volume 4 and that we expect that TBM can be covered by −4 such balls. If
the overall Brownian map has unit area, then among these −4 balls the average ball
has to have Euclidean volume of order at least 4. But “average” and “typical” can
be quite different. Theorem 1.6 states that in some sense a typical Brownian map ball
has Euclidean diameter of order 6 and hence Euclidean volume of order at most 12,
much smaller than this average. Based on this fact it is natural to conjecture that
when a random triangulation with n4 = N triangles is conformally mapped to S2 (with
three randomly chosen vertices mapping to three fixed points on S2, say) most of the
triangles end up with Euclidean volume of order n−12 = N−3, even though the average
triangle has Euclidean volume of order n−4 = N−1.
We remark that there are approximate variants of Theorem 1.6 that could have been
formulated without the metric construction of this paper. This is because even before
one constructs a metric on
√
8/3-LQG, it is possible to construct a set one would expect
to “approximate” a radius  ball in the random metric: one does this by considering a
typical point x and taking the Euclidean ball centered at x with radius chosen so that
its LQG volume is exactly 4. Scaling results involving these “approximate metric balls”
are derived e.g. in [DS11]. Once Theorems 1.1 and 1.2 are established, Theorem 1.6 is
deduced by bounding the extent to which the “approximate metric balls” differ from
the actual radius  balls in the random metric.
1.3 Outline
As partially explained above, the remaining sections of the paper can be divided into
three main parts (not counting the open problem list in Section 9):
1. Section 2 provides background definitions and results.
2. Sections 3, 4, and 5 establish the fact that dQ a.s. extends uniquely to dQ (Theo-
rem 1.1), along with the Ho¨lder continuity of the identity map between (S2, d) and
(S2, dQ) (Theorem 1.2), that dQ is geodesic (Theorem 1.3), and the scaling ex-
ponent describing the Euclidean size of typical small metric balls (Theorem 1.6).
These results are proved in Section 5 using estimates derived in Sections 3 and 4.
3. Sections 6, 7, and 8 establish the fact that, when viewed as a random metric
measure space, (S2, dQ) has the law of TBM (Theorem 1.4). This is proved in
Section 8, using estimates derived in Sections 6 and 7.
The reader who mainly wants to know how to interpret an instance of the
√
8/3-LQG
sphere as a random metric measure space homeomorphic to the sphere can stop reading
after the first two parts. Theorems 1.1–1.3 and 1.6 provide a way to endow an instance
of the
√
8/3-LQG sphere with a metric dQ and answer some of the most basic questions
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about the relationship between (S2, d) and (S2, dQ). These four theorems are already
significant and it remains very much an open problem to establish analogs of these
theorems for the γ-LQG sphere when γ 6= √8/3. On the other hand, the third part
may be the most interesting for many readers, as this is where the long-conjectured
relationship between TBM and LQG is finally proved.
We conclude this introduction below with Section 1.4, which gives a brief synopsis of
the proof strategies employed in the later parts of the paper, along with summaries of
some of the lemmas and propositions obtained along the way. Section 1.4 is meant as
a sort of road map of the paper, to help the reader keep track of the overall picture
without getting lost, and to provide motivation and context for the many estimates we
require.
1.4 Strategy
1.4.1 Remark on scaling exponents
Throughout this paper, for the sake of intuition, the reader should keep in mind the
“1-2-3-4 rule” of scaling exponents for TBM and for corresponding discrete random
surfaces. Without being too precise, we will try to briefly summarize this rule here,
first in a discrete context. Consider a uniform infinite planar triangulation centered at
a triangle y and let ∂B(y, r) denote the outer boundary of the set of triangles in the
dual-graph ball B(y, r). The rule states that the length of a geodesic from y to ∂B(y, r)
is r, the outer boundary length |∂B(y, r)| is of order r2, the sum ∑ri=0 |∂B(y, r)| is of
order r3, and the volume of B(y, r) (as well as the volume of the whole region cut off
from ∞ by ∂B(y, r)) is of order r4.
The r3 exponent corresponds to the number of triangles explored by the first r layers
of the peeling process, as presented e.g. in [Ang03]. Also, as explained e.g. in [MS16e,
Section 2], if the vertices of the planar triangulation are colored with i.i.d. coin tosses,
one can define an “outward-reflecting” percolation interface starting at y and (by com-
parison with the peeling procedure) show that the length of a percolation interface (run
until r4 triangles have been cut off from∞) is also of order r3, while the outer boundary
of the set of triangles in that interface should have length of order r2.
The continuum analog of this story is that the Hausdorff dimension dH of a set S on
TBM (defined using the intrinsic metric on TBM) should be
• dH = 1 if S is a geodesic,
• dH = 2 if S is the outer boundary of a metric ball, or the outer boundary of an
(appropriately defined) SLE6 curve, or an (appropriately defined) SLE8/3 curve,
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• dH = 3 if S is an (appropriately defined) SLE6 curve itself, or if S is the union of
the outer boundaries of balls of radius r (as r ranges over an interval of values),
and
• dH = 4 if S is an open subset of the entire Brownian map.
Similarly, on an instance of the
√
8/3-LQG sphere, the number of Euclidean balls of
quantum area δ required to cover a geodesic, a metric ball boundary (or SLE8/3 curve),
an SLE6 curve, and the entire sphere should be respectively of order δ
−1/4, δ−1/2, δ−3/4
and δ−1.
We will not prove these precise statements in this paper (though in the case of SLE6
or the entire sphere the scaling dimension follows from the KPZ theorem as stated e.g.
in [DS11]). On the other hand, in the coming sections we will endow all of these sets
with fractal measures that scale in the appropriate manner: i.e., if one adds a constant
to h so that overall volume is multiplied by C4, then geodesic lengths are multiplied
by C, metric ball boundary lengths are multiplied by C2, and QLE trace measures and
SLE6 quantum natural times are both multiplied by C
3.
As discussed later in Section 9 (see Problem 9.7) very little is known about how to
construct distance functions on γ-LQG surfaces when γ 6= √8/3. In particular, the
analog of the “1-2-3-4” rule for γ-LQG surfaces with γ 6= √8/3 has never been com-
pletely worked out. The “1” should presumably remain unchanged (a geodesic always
has dimension one) but the “4” should presumably be replaced by the fractal dimension
of the surface, which is expected to increase from 2 to 4 continuously as γ increases
from 0 to
√
8/3 (see [MS16e, Section 3] for further discussion of this point, including
a controversial conjectural formula due to Watabiki that applies to all γ ∈ [0, 2]). The
“3” should be replaced by two possibly distinct values (the quantum dimensions of the
QLE(γ2, 0) trace and of SLEκ′ , both drawn on a γ-LQG surface, where κ
′ = 16/γ2),
while the “2” should also be replaced by two possibly distinct values (the quantum
dimensions of the outer boundaries of the QLE(γ2, 0) trace and of SLEκ′ , when each is
generated up to a stopping time).
1.4.2 Remark on variants of measures on unit area surfaces
The unit area Brownian map, or unit area
√
8/3-LQG sphere, is not always the easiest
or most natural object to work with directly. If one considers a doubly marked unit area
surface, together with an SLE6 curve from one endpoint to the other, then the disks
cut out by the SLE6 cannot be completely conditionally independent of one another
(given their boundary length) because we know that the total sum of their areas has
to be 1. To produce a setting where this type of conditional independence does hold
exactly, we will often be led to consider either
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1. probability measures on the space of infinite volume surfaces, such as the Brown-
ian plane and the (to be shown to be equivalent)
√
8/3-LQG cone with a
√
8/3-log
singularity, or
2. infinite measures on the space of finite volume surfaces, where the law of the
total area A ∈ (0,∞) is (up to multiplicative constant) an infinite measure given
by AαdA for some α, and where once one conditions on a fixed value of A, the
conditional law of the surface is a rescaled unit area Brownian map or the (to be
shown to be equivalent) unit area
√
8/3-LQG sphere.
In order to simplify proofs, we will prove some of our results first in the setting where
they are easiest and cleanest, and only later transfer them to the other settings. We
will do a fair amount of work in the quantum cone setting in Sections 3, 4, and 5, a
fair amount of work in the (closely related) quantum wedge setting in Section 6, and a
fair amount of work in the “infinite measure on space of finite volume surfaces” setting
in Sections 7 and 8.
1.4.3 Strategy for background
This is a long and somewhat technical paper, but many of the estimates we require in
later sections can be expressed as straightforward facts about classical objects like the
Gaussian free field, Poisson point processes, stable Le´vy process, and continuous state
branching processes (which can be understood as time-changed stable Le´vy processes).
In Section 2 we enumerate some of the background results and definitions necessary
for the current paper and suggest references in which these topics are treated in more
detail.
We begin Section 2 by recalling the definitions of quantum disks, spheres, cones, and
wedges, as well as the construction of quantum Loewner evolution given in [MS16e].
We next make an elementary observation: that the proof of the standard Kolmogorov-
C˘entsov theorem — which states that a.s. γ-Ho¨lder continuity of a random field Xu,
indexed by u ∈ [0, 1]d, can be deduced from estimates on moments of |Xu−Xv| — can
be adapted to bound the law of the corresponding γ-Ho¨lder norm. We then proceed to
give some bounds on the probability that maximal GFF circle averages are very large.
We finally define continuous state branching processes and present a few facts about
them to be used later, along with some basic observations about stable Le´vy processes
and Poisson point processes.
1.4.4 Strategy for constructing metric and proving Ho¨lder continuity
We will consider a QLE(8/3, 0) process Γr (a random increasing family of closed sets
indexed by r) defined on a certain infinite volume quantum surface called a quantum
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cone. To establish the desired Ho¨lder continuity, we will need to control the law of the
amount of time it takes a QLE growth started at a generic point xi to reach a generic
point xj, and to show that, in some appropriate local sense, these random quantities
can a.s. be uniformly bounded above and below by random constants times appropriate
powers of |xi − xj|.
To this end, we begin by establishing some control on how the Euclidean diameter of
Γr (started at zero) changes as a function of r. We do not a priori have a very simple
way to describe the growth of the Euclidean diameter of Γr as a function of r. On
the other hand, based on the results in [MS15b, MS16e], we do have a simple way to
describe the evolution of the boundary length of Γr, which we denote by Br, and the
evolution of the area cut off from ∞ by Γr, which we denote by Ar. These processes
can be described using the continuous state branching processes discussed in Section 2.
Sections 3, 4, and 5 are a sort of a dance in which one first controls the most accessible
relationships (between r, Ar and Br) and other reasonably accessible relationships
(between Euclidean and quantum areas of Euclidean disks, or between Euclidean and
quantum lengths of boundary intervals — here uniform estimates are obtained from
basic information about the GFF) and then combines them to address the a priori
much less accessible relationship between r and the Euclidean diameter of Γr, and then
uses this to address the general relationship between |xi − xj| and the amount of time
it takes for a branching QLE exploration to get from xi to xj.
As explained in Section 1.4.1, one would expect Br to be of order r
2, and it is natural
to expect
sup
0≤s≤r
Bs (1.3)
to also be of order r2. Similarly, as explained in Section 1.4.1, we expect Ar to be of
order r4. In Section 3 we obtain three important results:
1. Lemma 3.1 uses standard facts about continuous state branching processes to
bound the probability that (1.3) is much larger or smaller than r2.
2. Lemma 3.2 uses standard facts about CSBPs to bound the probability that Ar is
much smaller than r4.
3. Proposition 3.4 uses simple Gaussian free field estimates to put a lower bound
on the probability of the event that (within a certain region of an appropriately
embedded quantum cone) the quantum mass of every Euclidean ball is at most
some universal constant times a power of that ball’s radius. In what follows,
it will frequently be useful to truncate on this event — i.e., to prove bounds
conditioned on this event occurring.
Section 4 uses the estimates from Section 3 to begin to relate r and the Euclidean
diameter of Γr. There are a number of incremental lemmas and propositions used
internally in Section 4, but the results cited in later sections are these:
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1. Propositions 4.1 and 4.2 begin the game of relating r and the Euclidean diameter
of Γr. Proposition 4.1 states that on the event described in Proposition 3.4,
the Euclidean diameter of Γr is very unlikely to be less than some power of r,
and Proposition 4.2 states that (without any truncation) the Euclidean diameter
of Γr is very unlikely to more than some other power of r. (In fact, under a
certain truncation, a bound on the fourth moment of diam(Γr) is given.) To
show that Γr is unlikely to have small Euclidean diameter, one applies the bounds
from Section 3 in a straightforward way. (If Γr had small Euclidean diameter,
then either Ar would be unusually small or a small Euclidean-diameter region
would have an unusually large amount of quantum mass, both scenarios that
were shown in Sections 3 to be improbable.) To show that Γr is unlikely to
have large Euclidean diameter, the hard part is to rule out the possibility that
Γr has large diameter despite having only a moderate amount of quantum area
— perhaps because it has lots of long and skinny tentacles. On the other hand,
we understand the law of the quantum surface that forms the complement of Γr
(it is independent of the surface cut off by Γr itself, given the boundary length)
and can use this to show (after some work) that these kinds of long and skinny
tentacles do not occur.
2. Corollary 4.3 (which follows from Propositions 4.1 and 4.2) implies that the total
quantum area cut off by Γr has a certain power law decay on the special event
from Proposition 3.4. (The power law exponent one obtains after truncating on
this event is better than the one that can be derived using the direct relationship
between r and Ar without this truncation.)
3. Proposition 4.4 shows that when h is an appropriately normalized GFF with free
boundary conditions, the boundary length measure is very unlikely to be much
smaller than one would expect it to be.
4. Lemma 4.6 (used in the proof of Proposition 4.4, as well as later on) is an ele-
mentary but useful tail bound on the maximum (over a compact set K) of the
projection of the Gaussian free field onto the space of functions harmonic on some
U ⊇ K.
In Section 5 we use the estimates from Section 4 to show that the QLE(8/3, 0) metric
extends to a function which is Ho¨lder continuous with respect to the Euclidean metric.
This will allow us to prove Theorem 1.1 and Theorem 1.2. We will also give the proof
of Theorem 1.3 and Theorem 1.6 in Section 5.
1.4.5 Strategy for proving metric measure space has law of TBM
Sections 6, 7, and 8 will show that the law of (S2, dQ) is the law of TBM. They will do
this by making use of the axiomatic characterization of TBM given in [MS15a]. Let us
recall some notation and results from [MS15a].
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A triple (S, d, ν) is called a metric measure space (or mm-space) if (S, d) is a
complete separable metric space and ν is a measure on the Borel σ-algebra generated
by the topology generated by d, with ν(S) ∈ (0,∞). We remark that one can represent
the same space by the quadruple (S, d, ν˜,m), where m = ν(S) and ν˜ = m−1ν is a
probability measure. This remark is important mainly because some of the literature on
metric measure spaces requires ν to be a probability measure. Relaxing this requirement
amounts to adding an additional parameter m ∈ (0,∞).
Two metric measure spaces are considered equivalent if there is a measure-preserving
isometry from a full measure subset of one to a full measure subset of the other. Let
M be the space of equivalence classes of this form. Note that when we are given an
element (S, d, ν) ofM, we have no information about the behavior of S away from the
support of ν.
Next, recall that a measure on the Borel σ-algebra of a topological space is called good
if it has no atoms and it assigns positive measure to every open set. Let MSPH be the
space of geodesic metric measure spaces that can be represented by a triple (S, d, ν)
where (S, d) is a geodesic metric space homeomorphic to the sphere and ν is a good
measure on S.
Note that if (S1, d1, ν1) and (S2, d2, ν2) are two such representatives, then the a.e. defined
measure-preserving isometry φ : S1 → S2 is necessarily defined on a dense set, and
hence can be extended to the completion of its support in a unique way so as to yield
a continuous function defined on all of S1 (similarly for φ
−1). Thus φ can be uniquely
extended to an everywhere defined measure-preserving isometry. In other words, the
metric space corresponding to an element ofMSPH is uniquely defined, up to measure-
preserving isometry.
As we are ultimately interested in probability measures onM, we will need to describe
a σ-algebra F on M, and more generally a σ-algebra Fk on elements of M with k
marked points. We will also need that MSPH belongs to that σ-algebra, so that in
particular it makes sense to talk about measures on M that are supported on MSPH.
We would like to have a σ-algebra that can be generated by a complete separable metric,
since this would allow us to define regular conditional probabilities for all subsets. Such
a σ-algebra is introduced in [MS15a].
Let M2SPH denote the space of sphere-homeomorphic metric measure spaces with two
distinct marked points x and y. Given an element of this space, one can consider the
union of the boundaries ∂B•(x, r) taken over all r ∈ [0, d(x, y)], where B•(x, r) is the
set of all points cut off from y by the closed metric ball B(x, r). (That is, B•(x, r) is
the complement of the component of B(x, r) containing y.)
This union is called the metric net from x to y and it comes equipped with certain
structure (e.g., there is a distinguished leftmost geodesic from any point on the net back
to x). When M2SPH is an instance of the doubly marked Brownian map, the metric
net is the so-called α-stable Le´vy net, as defined in [MS15a, Section 3.3], with α = 3/2.
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In fact multiple equivalent constructions of the α-stable Le´vy net appear in [MS15a,
Section 3]. (See Figure 1.1 for an informal description of the Le´vy net.) We now cite
the following from [MS15a, Theorem 4.6].
x
y
x1
x2
∂B•(x, d(x, y)− r)
∂B•(x, d(x, y)− (r + s))
η1
η2
Figure 1.1: Shown is a doubly-marked sphere (S, x, y) equipped with a metric d.
We assume that, for each r ∈ (0, d(x, y)), ∂B•(x, d(x, y) − r) comes equipped with
a boundary length measure. For a fixed value of r ∈ (0, d(x, y)), the points x1, x2
shown in the illustration are assumed to be sampled from the boundary measure on
∂B•(x, d(x, y) − r) and the red paths are leftmost geodesics from x1, x2 back to x.
Roughly, the metric net of (S, x, y) from x to y has the law of the 3/2-Le´vy net if it
is the case that boundary lengths of the clockwise and counterclockwise segments of
∂B•(x, d(x, y)− (r+ s)) between the leftmost geodesics from x1, x2 back to x evolve as
independent 3/2-stable CSBPs as s varies in [0, d(x, y)−r]. The main focus of Section 8
is to show that the metric net associated with a
√
8/3-LQG sphere has the law of a
3/2-Le´vy net.
Theorem 1.7. The doubly marked Brownian map measure µ2SPH is the unique (infinite)
measure on (M2SPH,F2) which satisfies the following properties, where an instance is
denoted by (S, d, ν, x, y).
1. Given (S, d, ν), the conditional law of x and y is that of two i.i.d. samples from ν.
In other words, the law of the doubly marked surface is invariant under the Markov
step in which one “forgets” x (or y) and then resamples it from the given measure.
2. The law of the metric net from x to y (an infinite measure) agrees with the law of
a 3/2-Le´vy net. More precisely: the metric net of (S, d, x, y) can be coupled with
the 3/2-Le´vy net in such a way that there is a.s. a unique homeomorphism between
the two doubly marked topological spaces such that under this homeomorphism all
of the distinguished left and right geodesics in the Le´vy net map to actual geodesics
(of the same length) in (S, d).
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3. Fix r > 0 and consider the circle that forms the boundary ∂B•(x, r) (an object
that is well-defined a.s. on the finite-measure event that the distance from x to y
is at least r). Then the inside and outside of B•(x, r) (each viewed as a marked
metric measure space) are conditionally independent, given the boundary length
of ∂B•(x, r) (as defined from the Le´vy net structure).
The ultimate goal of Sections 6, 7, and 8 is to show that the metric measure space we
construct using QLE satisfies the conditions of Theorem 1.7.
• The fact that our metric space is topologically a sphere and that the map is a
Ho¨lder continuous homeomorphism is proved in Sections 3–5.
• It is obvious from our construction of the doubly marked √8/3-LQG sphere
that its law is preserved by the operation of forgetting the points x and y and
resampling them independently from the underlying measure.
• The independence of the inside and outside of the filled metric ball follows from
the construction of QLE(8/3, 0) given in [MS15b], but care is needed to deal with
a distinction between forward and reverse explorations, see Section 7.
• The fact that the metric net has the law of a 3/2-Le´vy net is proved in Section 8.
In order to do this, we will recall that some hints of the relationship with TBM, and
more specifically with the 3/2-Le´vy net, were already present in [MS15b]. One can
define the “outer boundary length” process for growing QLE clusters and for growing
Brownian map metric balls, and it was already shown in [MS15b] that both of these
processes can be understood as continuous state branching process excursions, and
that their laws agree. In both cases, the “jumps” correspond to times at which disks
of positive area are “swallowed” by the growing process; these disks are removed from
the “unexplored region” at these jump times. In both cases, it is possible to reverse
the “unexplored region” process so that disks of positive area are “glued on” (at single
“pinch points”) at these jump times, and in both cases one can show that the location
of the pinch point is uniformly random, conditioned on all that has happened before.
One can use this to generate a coupling between the Le´vy net and QLE. However, it is
not obvious that the geodesic paths of the Le´vy net actually correspond to geodesics
of dQ. This is the part that takes a fair amount of work and requires the analysis of a
sequence of geodesic approximations.
In Section 6, we will prove moment bounds for the quantum distance between the initial
point and tip of an SLE6 on a
√
8/3-quantum wedge as well as between two boundary
points on a
√
8/3-quantum wedge separated by a given amount of quantum length.
These bounds will be used later to control the law of the length of certain geodesic
approximations.
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In Section 7 we will describe the time-reversal of the SLE6 and QLE(8/3, 0) unexplored-
domain processes and deal with some technicalities regarding time reversal definitions.
The QLE definition on an LQG sphere involves “reshuffling” every δ units of time during
a certain time interval [0, T ] parameterizing a Le´vy process excursion; but technically
speaking if T is random and not necessarily a multiple of δ, it makes a difference
whether one marks the increments starting from 0 (so their endpoints are δ, 2δ, . . .)
or starting from T (so that endpoints are T − δ, T − 2δ, . . .). Part of the purpose of
Section 7 is to show that (unsurprisingly) this subtle distinction does not matter in the
limit.
Finally Section 8 will use the results of Sections 6 and 7 to control various geodesic
approximations and ultimately show that the geodesics of dQ correspond to the Le´vy
net in the expected way. This will enable us to complete the proofs of Theorem 1.4
and Corollary 1.5.
2 Preliminaries
The purpose of this section is to review some background and to establish a number
of preliminary estimates that will be used to prove our main theorems. We begin in
Section 2.1 by reminding the reader of the construction of quantum disks, spheres,
cones, and wedges. We will then construct QLE(8/3, 0) on a
√
8/3-quantum cone
in Section 2.2. This process is analogous to the QLE(8/3, 0) process constructed in
[MS15b] on a
√
8/3-LQG sphere. Next, we will establish a quantitative version of the
Kolmogorov-C˘entsov theorem in Section 2.3. Then, in Section 2.4, we will use the
results of Section 2.3 to bound the extremes of the GFF. Finally, we record a few basic
facts about continuous state branching processes in Section 2.5, an estimate of the tail
of the supremum of an α-stable process in Section 2.6.1, and an estimate of the tail of
the Poisson distribution in Section 2.6.2.
2.1 Quantum disks, spheres, cones, and wedges
The purpose this section is to give a brief overview of the construction of quantum disks,
spheres, cones, and wedges. We refer the reader to [DMS14, Section 4] for a much more
in depth discussion of these objects. See also the discussion in [She16, MS15c].
Suppose that h is an instance of the Gaussian free field (GFF) on a planar domain D
and γ ∈ (0, 2). The γ-LQG measure associated with h is formally given by eγh(z)dz
where dz denotes Lebesgue measure on D. Since h does not take values at points, it
is necessary to use a regularization procedure in order to make sense of this expression
rigorously. This has been accomplished in [DS11], for example, by considering the
approximation γ
2/2eh(z)dz where h(z) denotes the average of h on ∂B(z, ) and 
γ2/2
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is the normalization factor which is necessary for the limit to be non-trivial. A marked
quantum surface is an equivalence class of triples consisting of a domain D, a vector
of points z ∈ D, and a distribution h on D where two triples (D, h, z) and (D˜, h˜, z˜) are
said to be equivalent if there exists a conformal transformation ϕ : D → D˜ which takes
each element of z to the corresponding element of z˜ and such that h = h˜◦ϕ+Q log |ϕ′|
where Q = 2
γ
+ γ
2
. We will refer to a particular choice of representative of a marked
quantum surface as its embedding. In order to specify the law of a marked quantum
surface, we only have to specify the law of h with one particular choice of embedding.
Throughout, we consider the infinite strip S = R× [0, pi] and the infinite cylinder C =
R× [0, 2pi] (with the top and the bottom identified). We denote by C± = R± × [0, 2pi]
(with the top and bottom identified) the positive and negative half-infinite cylinders.
For X ∈ {S ,C ,C±,C,H}, we let H(X ) be the closure of C∞0 (X ) with respect to the
Dirichlet inner product
(f, g)∇ =
1
2pi
∫
∇f(x) · ∇g(x)dx. (2.1)
For X ∈ {S ,C ,C±}, we note thatH(X ) admits the orthogonal decompositionH1(X )⊕
H2(X ) where H1(X ) (resp. H2(X )) consists of those functions on X which are constant
(resp. have mean zero) on vertical lines; see, e.g. [DMS14, Lemma 4.2]. For X = C, we
have that H(C) admits the orthogonal decomposition H1(C) ⊕ H2(C) where H1(C)
(resp. H2(C)) consists of those functions on C which are radially symmetric about 0
(resp. have mean zero on circles centered at 0). The same is likewise true for H(H)
except with circles centered at 0 replaced by semicircles centered at 0.
The starting point for the construction of the unit boundary length quantum disk as
well as the unit area quantum sphere is the infinite excursion measure νBESδ associated
with the excursions that a Bessel process of dimension δ (BESδ) makes from 0 for
δ ∈ (0, 2). This measure can be explicitly constructed as follows.
• Sample a lifetime t from the infinite measure cδtδ/2−2dt where dt denotes Lebesgue
measure on R+ and cδ > 0 is a constant.
• Given t, sample a BESδ excursion from 0 to 0 of length t.
The law of a BESδ process with δ ∈ (0, 2) can then be sampled from by first picking
a Poisson point process (p.p.p.) Λ with intensity measure dudνδ where du denotes
Lebesgue measure on R+ and then concatenating together the elements (u, e) ∈ Λ
ordered by u. It is still possible to sample a p.p.p. Λ as above when δ ≤ 0, however it
is not possible to concatenate together the elements of Λ in chronological order to form
a continuous process because there are too many short excursions. (See [PY82] as well
as the text just after [PY96, Theorem 1].)
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2.1.1 Quantum disks
As explained in [DMS14, Definition 4.21], one can use νBESδ to define an infinite measure
M on quantum surfaces (S , h) as follows.
• Take the projection of h ontoH1(S ) to be given by 2γ−1 logZ where Z is sampled
from νBESδ with δ = 3 − 4γ2 , reparameterized (by all of R) to have quadratic
variation 2du.
• Take the projection of h onto H2(S ) to be given by the corresponding projection
of a free boundary GFF on S sampled independently of Z.
The above construction defines a doubly marked quantum surface parameterized by the
infinite cylinder; however it only determines h up to a free parameter corresponding to
“horizontal translation.” We will choose this horizontal translation depending on the
context.
If we condition M on the quantum boundary length being equal to 1, then we obtain
the law of the unit boundary length quantum disk. More generally, we can sample
from the law of M conditioned on having quantum boundary length equal to L by
first sampling from the law of the unit boundary length quantum disk and then adding
2
γ
logL to the field. We will denote this law by MLDISK. The points which correspond to
±∞ are independently and uniformly distributed according to the quantum boundary
length measure conditional on S [DMS14, Proposition 5.11]. The law M1,LDISK is obtained
by weighting MLDISK by its quantum area. This corresponds to adding an extra marked
point which is uniformly distributed from the quantum measure.
2.1.2 Quantum spheres
As is also explained in [DMS14, Definition 4.21], one can use νBESδ to define an infinite
measure MBES on doubly-marked quantum surfaces (C , h,−∞,+∞) as follows.
• Take the projection of h ontoH1(C ) to be given by 2γ−1 logZ where Z is sampled
from νBESδ with δ = 4− 8γ2 , reparameterized to have quadratic variation du.
• Take the projection of h onto H2(C ) to be given by the corresponding projection
of a whole-plane GFF on C sampled independently of Z.
As in the case of quantum disks, we have not yet fully specified h as a distribution on
the infinite cylinder because there is still one free parameter which corresponds to the
“horizontal translation.” We will choose this horizontal translation depending on the
context.
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If we condition on the quantum area associated with MBES to be equal to 1, then we
obtain the law of the unit area quantum sphere. Given S, the points which correspond
to ±∞ are uniformly and independently distributed according to the quantum measure
[DMS14, Proposition 5.15].
As explained in [MS15c], in the special case that γ =
√
8/3 the measureMBES admits
another description in terms of the infinite excursion measure for a 3/2-stable Le´vy
process with only upward jumps from its running infimum; see [Ber96] for more details
on this measure. In this construction, one uses that if we start off with a quantum
sphere sampled from MBES and then draw an independent whole-plane SLE6 process
η′ from −∞ to +∞, then the law of ordered, oriented (by whether η′ traverses the
boundary points in clockwise or counterclockwise order — i.e., whether the loop is on
the left or right side of η′), and marked (last point on the disk boundary visited by η′)
disks cut out by η′ can be sampled from as follows:
• Sample an excursion e from the infinite excursion measure for 3/2-stable Le´vy
processes with only upward jumps from its running infimum. (The time-reversal
e(T − ·) of e : [0, T ]→ R+ at time t is equal to the quantum boundary length of
the component of S \ η′([0, t]) which contains y.)
• For each jump of e, sample a conditionally independent quantum disk whose
boundary length is equal to the size of the jump.
• Orient the boundary of each quantum disk either to be clockwise or counter-
clockwise with the toss of a fair coin flip and mark the boundary of each with a
uniformly chosen point from the quantum measure.
Moreover, it is shown in [MS15c] that the information contained in the doubly-marked
sphere and η′ can be uniquely recovered from the ordered collection of marked and
oriented disks.
A quantum sphere produced from MBES is doubly marked. If we parameterize the
surface by C as described above, the marked points are located at ±∞. In general, we
will indicate such a doubly marked quantum sphere with the notation (S, x, y) where
S denotes the quantum surface and x, y are the marked points and we will indicate the
corresponding measure by M2SPH.
2.1.3 Quantum cones
Fix α < Q. An α-quantum cone [DMS14, Section 4.3] is a doubly marked quantum
surface which is homeomorphic to C. The two marked points are referred to as the
“origin” and “infinity.” Bounded neighborhoods of the former all a.s. contain a finite
amount of mass and neighborhoods of the latter contain an infinite amount of mass.
It is convenient to parameterize a quantum cone by either C or C, depending on the
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context. In the former case, we will indicate the quantum cone with the notation
(C , h,−∞,+∞) (meaning that −∞ is the origin and +∞ is infinity) and the law of h
can be sampled from by:
• Taking the projection of h onto H1(C ) to be given by 2γ−1 logZ where Z is a
BESδ with δ = 2 + 4
γ
(Q− α), reparameterized to have quadratic variation du.
• Taking the projection of h ontoH2(C ) to be given by the corresponding projection
of a whole-plane GFF on C .
It is often convenient in the case of quantum cones to take the horizontal translation so
that the projection of h onto H1(C ), which can be understood as a function of one real
variable (since it is constant on vertical line segments), last hits 0 on the line Re(z) = 0.
When h is an instance of the GFF, the projection of h onto H1(C ) is (as a function
of the horizontal coordinate) a Brownian motion with drift. In order to construct an h
that corresponds to an instance of the quantum cone, we can take the projection onto
H1(C ) to be as follows:
• For u < 0, it is equal to B−u + (Q−α)u where B is a standard Brownian motion
with B0 = 0.
• For u ≥ 0, it is equal to B˜u + (Q− α)u where B˜ is a standard Brownian motion
independent of B conditioned so that B˜u + (Q− α)u ≥ 0 for all u ≥ 0.
The definition of B˜ involves conditioning on an event with probability zero, but it is
explained in [DMS14, Remark 4.3], for example, how to make sense of this conditioning
rigorously.
If we parameterize by C instead of C , we first sample the process Au by:
• For u > 0 taking it to be Bu + αu where B is a standard Brownian motion with
B0 = 0.
• For u ≤ 0 taking it to be B˜−u +αu where B˜ is a standard Brownian motion with
B˜0 = 0 conditioned so that B˜u + (Q− α)u > 0 for all u ≥ 0.
Then we take the projection of h onto H1(C) to be equal to Ae−u and the projection of
h onto H2(C) to be the corresponding projection for a whole-plane GFF. We will use
the notation (C, h, 0,∞) for a quantum cone parameterized by C where 0 (resp. ∞) is
the origin (resp. infinity).
We will refer to the particular embedding of a quantum cone into C described just
above as the circle average embedding.
21
As explained in [DMS14, Theorem 1.18], it is natural to explore a
√
8/3-quantum cone
(parameterized by C) with an independent whole-plane SLE6 process η
′ from 0 to ∞.
If one parameterizes η′ by quantum natural time [DMS14], then the quantum boundary
length of the unbounded component of C \ η′([0, t]) evolves in t as a 3/2-stable Le´vy
process with only downward jumps conditioned to be non-negative [DMS14, Corol-
lary 12.2]. (See [Ber96, Chapter VII, Section 3] for more details on the construction of
a Le´vy process with only downward jumps conditioned to be non-negative. In particu-
lar, [Ber96, Chapter VII, Proposition 14] gives the existence of the process started from
0.) Moreover, the surface parameterized by the unbounded component of C \ η′([0, t])
given its quantum boundary length is conditionally independent of the surfaces cut off
by η′|[0,t] from∞. If the quantum boundary length is equal to u, then we will write this
law as mu. By scaling, we can sample from the law of mu by first sampling from the law
m1 and then adding the constant 2γ−1 log u, γ =
√
8/3, to the field. (One can think of
a sample produced from mu as corresponding to a quantum disk with boundary length
equal to u and conditioned on having infinite quantum area.)
It is also shown in [DMS14] that it is natural to explore a γ-quantum cone (C, h, 0,∞)
with a space-filling SLEκ′ process η
′ [MS17] from ∞ to ∞ which is sampled indepen-
dently of the quantum cone and then reparameterized by quantum area, i.e., so that
µh(η
′([s, t])) = t − s for all s < t and normalized so that η′(0) = 0. It is in particular
shown in [DMS14, Theorem 1.13] that the joint law of h and η′ is invariant under
the operation of translating so that η′(t) is taken to 0. That is, as doubly-marked
path-decorated quantum surfaces we have that
(h, η′) d= (h(·+ η′(t)), η′(·+ t)− η′(t))
This fact will be important for us in several places in this article.
2.1.4 Quantum wedges
Fix α < Q. An α-quantum wedge [DMS14, Section 4.2] (see also [She16]) is a doubly-
marked surface which is homeomorphic to H. As in the case of a quantum cone, the
two marked points are the origin and infinity. It is natural to parameterize a quantum
wedge either by S or by H. In the former case, we can sample from the law of the
field h by:
• Taking its projection onto H1(S ) to be given by 2γ−1 logZ where Z is a BESδ
with δ = 2 + 2
γ
(Q− α) reparameterized to have quadratic variation 2du.
• Taking its projection onto H2(S ) to be given by the corresponding projection of
a GFF on S with free boundary conditions.
As in the case of an α-quantum cone, we can also describe the projection of h onto
H1(S ) in terms of Brownian motion [DMS14, Remark 4.5]. In fact, the definition is
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the same as for an α-quantum cone except with Bu, B˜u replaced by B2u, B˜2u. (The
variance is twice is much because the strip is half as wide as the cylinder.)
If we parameterize the surface with H, then we can sample from the law of the field h
by (see [DMS14, Definition 4.4]):
• Taking its projection onto H1(H) to be given by Ae−u where A is as in the
definition of an α-quantum cone parameterized by C except with Bu, B˜u replaced
by B2u, B˜2u.
• Taking its projection onto H2(H) to be given by the corresponding projection of
a GFF on H with free boundary conditions.
2.2 QLE(8/3, 0) on a
√
8/3-quantum cone
In [MS15b, Section 6], we constructed a “quantum natural time” [DMS14] variant of the
QLE(8/3, 0) process from [MS16e] on a
√
8/3-LQG sphere and showed that this process
defines a metric on a countable, dense set of points chosen i.i.d. from the quantum area
measure on the sphere. In many places in this article, it will be convenient to work on
a
√
8/3-quantum cone instead of a
√
8/3-LQG sphere. We will therefore review the
construction and the basic properties of the process in this context. We will not give
detailed proofs here since they are the same as in the case of the
√
8/3-LQG sphere.
We refer the reader to [MS15b, Section 6] for additional detail.
We suppose that (C, h, 0,∞) is a √8/3-quantum cone and that η′ is a whole-plane
SLE6 from 0 to ∞ sampled independently of h and then reparameterized by quantum
natural time. Fix δ > 0. We define the δ-approximation of QLE(8/3, 0) starting from 0
as follows. First, we take Γδt to be the complement of the unbounded component of
C\ η′([0, t]) for each t ∈ [0, δ]. We also let gδt : C\Γδt → C\D be the unique conformal
map which fixes and has positive derivative at∞. Fix j ∈ N and suppose that we have
defined paths η′1, . . . , η
′
j and a growing family of hulls Γ
δ with associated uniformizing
conformal maps (gδt ) for t ∈ [0, jδ] such that the following hold:
• The conditional law of the surface parameterized by the complement of Γδjδ given
its quantum boundary length ` is the same as in the setting of exploring a
√
8/3-
quantum cone with an independent whole-plane SLE6. That is, it is given by m
`.
• η′j(jδ) is distributed uniformly according to the quantum boundary measure on
∂Γδjδ conditional on Γ
δ
jδ (as a path decorated quantum surface).
• The joint law of the components (viewed as quantum surfaces) separated from
∞ by time jδ, given their quantum boundary lengths, is the same as in the case
of whole-plane SLE6. That is, they are given by conditionally independent quan-
tum disks given their boundary lengths and their boundary lengths correspond
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Figure 2.1: Left: Independent whole-plane SLE6 from 0 to∞ drawn on top of a
√
8/3-
quantum cone. Middle: We can represent the path-decorated surface as a collection of
δ-quantum natural time length necklaces which serve to encode the bubbles cut off by
the SLE6 in each of the δ-length intervals of time. Each necklace has an inner and an
outer boundary, is doubly marked by the initial and terminal points of the SLE6, the
necklaces are conditionally independent given their inner and outer boundary lengths,
and each necklace is a.s. determined by the collection of marked and oriented bubbles
cut off by the SLE6 in the corresponding time interval. The length of the outer boundary
of each necklace is equal to the length of the inner boundary of the next necklace. If
we glue together the necklaces as shown, then we recover the
√
8/3-quantum cone
decorated by the independent SLE6. Right: If we “rotate” each of the necklaces by
a uniformly random amount and then glue together as shown, the underlying surface
is a
√
8/3-quantum cone which is decorated with the δ-approximation to QLE(8/3, 0).
The left and right pictures are naturally coupled together so that the bubbles cut out
by the SLE6 and QLE(8/3, 0) are the same as quantum surfaces and the evolution of
the boundary length of both is the same, up to a time-change.
to the downward jumps of a 3/2-stable Le´vy process starting from 0 and con-
ditioned to be non-negative. (See [Ber96, Chapter VII, Section 3] for more on
the construction of a Le´vy process with only downward jumps conditioned to be
non-negative.)
We then let η′j+1 be an independent radial SLE6 starting from a point on ∂Γ
δ
jδ which
is chosen uniformly from the quantum boundary measure conditionally independently
of everything else (i.e., we resample the location of the tip η′j(jδ) of η
′
j). For each
t ∈ [jδ, (j + 1)δ], we also let Γδt be the complement of the unbounded component of
C \ (Γδjδ ∪ η′j+1([0, t])). Then by the construction, all three properties described above
are satisfied by the process up to time (j + 1)δ.
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By repeating the compactness argument given in [MS15b, Section 6], we see that there
exists a sequence (δk) which tends to 0 as k → ∞ along which the δ-approximations
converge and the limiting process satisfies properties which are analogous to the three
properties described above.
We note that it is shown in [MS15b] that if (xn) is a sequence of points chosen i.i.d. from
the quantum measure on a
√
8/3-LQG sphere, then the joint law of the hitting times
of the (xn) by the subsequentially limiting QLE(8/3, 0) does not depend on the choice
of sequence (δk). Since the law of a
√
8/3-quantum cone in a fixed neighborhood
of 0 is mutually absolutely continuous with respect to that of a
√
8/3-LQG sphere
(provided we choose the same embedding for both), it follows that the same is also
true for QLE(8/3, 0) on a
√
8/3-quantum cone. This alone does not imply that the
δ-approximations to QLE(8/3, 0) converge as δ → 0 (in other words, it is not necessary
to pass along a sequence of positive numbers (δk) which tend to 0 as k →∞) because
these hitting times may not determine the law of the process itself. This, however, will
be a consequence of the continuity results established in the present article.
In the case of a whole-plane SLE6 exploration of a
√
8/3-quantum cone, we know from
[DMS14, Corollary 12.2] that the boundary length of the outer boundary evolves as
a 3/2-stable Le´vy process with only downward jumps conditioned to be non-negative.
The compactness argument of [MS15b, Section 6] also implies that the subsequentially
limiting QLE(8/3, 0) with the quantum natural time parameterization has the same
property.
Recall from [MS15b] that we change time from the quantum natural time to the quan-
tum distance time parameterization using the time-change∫ t
0
1
Xs
ds (2.2)
where Xs is the quantum boundary length of the outer boundary of the process at
quantum natural time s. (The intuition for using this particular time change is that in
the Eden growth model, the rate at which new edges are added to the outer boundary
of the cluster is proportional to the boundary length of the cluster.) If we perform
this time-change, then the outer boundary length of the QLE(8/3, 0) evolves as the
time-reversal of a 3/2-stable continuous state branching process (CSBP; we will give a
review of CSBPs in Section 2.5 below).
Lemma 2.1. Suppose that (D, h) has the law of a quantum disk with boundary length
L > 0 and that z ∈ D is distributed uniformly according to the quantum area measure.
Then the QLE(8/3, 0) starting from z hits ∂D first at a point chosen uniformly from
the quantum boundary measure. Moreover, the QLE(8/3, 0) stopped upon first hitting
∂D intersects ∂D at a unique point a.s. Finally, if DL has the law of the amount of
quantum distance time required by the QLE(8/3, 0) to hit ∂D then DL
d
= L1/2D1.
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Proof. The first assertion of the lemma follows from the construction and the proof of
the metric property given in [MS15b] (see [MS15b, Lemma 7.7]). The second assertion
is also established in [MS15b, Lemma 7.6].
We will deduce the final assertion of the lemma using the following scaling calculation.
Recall that if we add the constant C to the field then quantum boundary length is
scaled by the factor eγC/2 and that quantum natural time is scaled by the factor e3γC/4
(see [MS15c, Section 6.2]). Equivalently, if we start off with a unit boundary length
quantum disk, L > 0, and we scale the field so that the boundary length is equal to L
then quantum natural time is scaled by the factor L3/2. Recall also that if Xt denotes
the quantum boundary length of the outer boundary of the QLE(8/3, 0) growth at
quantum natural time t, then the quantum distance time elapsed by quantum natural
time T is equal to ∫ T
0
1
Xs
ds. (2.3)
Combining (2.3) with the scaling given for boundary length and quantum natural time
given above, we see that if we start out with a unit boundary length quantum disk
and then scale the field so that the boundary length is L, then the amount of quantum
distance time elapsed by the resulting QLE(8/3, 0) is given by∫ L3/2T
0
1
LXL−3/2s
ds. (2.4)
Making the substitution t = L−3/2s in (2.4), we see that (2.4) is equal to
L1/2
∫ T
0
1
Xt
dt. (2.5)
The final claim follows from (2.5).
Using the same scaling argument used to establish Lemma 2.1, we can also determine
how quantum distances scale when we add a constant C to the field.
Lemma 2.2. Suppose that (D, h) is a
√
8/3-LQG surface and let dQ be the distance
function associated with the QLE(8/3, 0) metric. Fix C ∈ R. Then the distance func-
tion associated with the field h+ C is given by eγC/4dQ with γ =
√
8/3.
We note that dQ is a priori only defined on a countable dense subset of D chosen i.i.d.
from the quantum area measure. However, upon completing the proof of Theorem 1.1
and Theorem 1.2, the same scaling result immediately extends to dQ by continuity.
Proof of Lemma 2.2. This follows from the same argument used to establish (2.3), (2.4),
and (2.5).
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2.3 Quantitative Kolmogorov-C˘entsov
The purpose of this section is to establish a quantitative version of the Kolmorogov-
C˘entsov continuity criterion [KS91, RY99]. We will momentarily apply this result to
the case of the circle average process for the GFF, which will be used later to establish
the continuity results for QLE(8/3, 0).
Proposition 2.3 (Kolmogorov-C˘entsov continuity criterion). Suppose that (Xu) is a
random field indexed by u ∈ [0, 1]d. Assume that there exist constants α, β, c0 > 0 such
that for all u, v ∈ [0, 1]d we have that
E[|Xu −Xv|α] ≤ c0|u− v|d+β. (2.6)
Then there exists a modification of X (which we shall write as X) such that for each
γ ∈ (0, α/β) there exists M > 0 such that
|Xu −Xv| ≤M |u− v|γ for all u, v ∈ [0, 1]d. (2.7)
Moreover, if we define M to be supu6=v |Xu − Xv|/|u − v|γ, then there exists c1 > 0
depending on α, β, γ, c0 such that
P[M ≥ t] ≤ c1t−α for all t ≥ 1. (2.8)
The first statement of the proposition is just the usual Kolmogorov-C˘entsov continuity
criterion. One sees that (2.8) holds by carefully following the proof. For completeness,
we will work out the details here.
Proof of Proposition 2.3. Applying Chebyshev’s inequality, we have from (2.6) that
P[|Xu −Xv| ≥ δ] ≤ c0δ−α|u− v|d+β for all u, v ∈ [0, 1]d. (2.9)
For each k, let Dk consist of those x ∈ [0, 1]d with dyadic rational coordinates that are
integer multiples of 2−k. Let D˜k consist of those pairs {u, v} in Dk which are adjacent,
i.e., differ in only one coordinate and have |u− v| = 2−k. By (2.9), we have that
P
[|Xu −Xv| ≥ t2−γk] ≤ c0t−α2−k(d+β−αγ) for all u, v ∈ D˜k. (2.10)
Noting that |D˜k| = O(2dk), by applying a union bound and using (2.10) we have for
some constant c1 > 0 that
P
[
max
{u,v}∈D˜k
|Xu −Xv| ≥ t2−γk
]
≤ c1t−α2−k(β−αγ). (2.11)
Thus, by a further union bound and using (2.11), we have for some constant c2 > 0
that
P
[
sup
k∈N
max
{u,v}∈D˜k
2γk|Xu −Xv| ≥ t
]
≤ c2t−α. (2.12)
It is not difficult to see that there exists some constant c3 > 0 such that on the event
supk∈Nmax{u,v}∈D˜k 2
γk|Xu − Xv| ≤ t considered in (2.12) we have that |Xu − Xv| ≤
c3t|u− v|γ for all u, v ∈ ∪kDk. This, in turn, implies the result.
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2.4 GFF extremes
In this section, we will establish a result regarding the tails of the maximum of the
circle average process associated with a whole-plane GFF. We refer the reader to [DS11,
Section 3] for more on the construction of the circle average process. We also refer the
reader to [She16, Section 3.2] for more on the whole-plane GFF.
Proposition 2.4. Suppose that h is a whole-plane GFF. For each r > 0 and z ∈ C we
let hr(z) be the average of h on ∂B(z, r). We assume that the additive constant for h
has been fixed so that h1(0) = 0. For each ξ ∈ (0, 1) there exists a constant c0 > 0 such
that for each fixed r ∈ (0, 1/2) and all δ > 0 we have that
P
[
sup
z∈B(0,1/2)
|hr(z)| ≥ (2 + δ) log r−1
]
≤ c0r2δ(1−ξ). (2.13)
Before giving the proof of Proposition 2.4, we are first going to deduce from it a result
which bounds the growth of |hr(z)| for z ∈ C with |z| large and r proportional to |z|.
Corollary 2.5. Suppose that we have the same setup as described in Proposition 2.4.
For a, C > 0 we let
Ea,C =
⋂
k∈N
{
sup
z∈B(0,ek+1)\B(0,ek)
|hek−1(z)| ≤ C + ak
}
. (2.14)
Then we have that
P[Ea,C ]→ 1 as C →∞ (with a > 0 fixed). (2.15)
The same likewise holds if α < Q and h = h1 + α log | · | where (C, h1, 0,∞) is an
α-quantum cone with the circle average embedding.
Before establishing Corollary 2.5, we first record the following Gaussian tail bound,
which is easy to derive directly from the standard Gaussian density function.
Lemma 2.6. Suppose that Z ∼ N(0, 1). Then we have that
P[Z ≥ λ] 
√
2
pi
λ−1 exp
(
−λ
2
2
)
as λ→∞.
Proof of Corollary 2.5. We are first going to deduce the result in the case of a whole-
plane GFF from Proposition 2.4 and a union bound.
Note that h− hek+2(0) has the law of the whole-plane GFF with the additive constant
fixed so that hek+2(0) = 0. Applying the scale-invariance of the whole-plane GFF in
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the equality and Proposition 2.4 with ξ = 1/2, r = e−3, δ = C/3 + ak/6 − 2 in the
inequality, we have for each k ∈ N that
P
[
sup
z∈B(0,ek+1)\B(0,ek)
|hek−1(z)− hek+2(0)| ≥ C + ak/2
]
=P
[
sup
z∈B(0,e−1)\B(0,e−2)
|he−3(z)| ≥ C + ak/2
]
≤ c0e6−C−ak/2. (2.16)
Since hek+2(0) is a Gaussian random variable with mean 0 and variance k+ 2, it follows
from Lemma 2.6 that
P[|hek+2(0)| ≥ ak/2] . e−a2k/8. (2.17)
Combining (2.16) with (2.17) and the Borel-Cantelli lemma implies that there a.s. exists
k0 ∈ N such that k ≥ k0 implies that{
sup
z∈B(0,ek+1)\B(0,ek)
|hek−1(z)| ≤ C + ak
}
holds.
This implies (2.15) as supz∈B(0,ek+1)\B(0,ek) |hek−1(0)| is a.s. finite for all 1 ≤ k ≤ k0.
We will now extract the corresponding result for an α-quantum cone. Suppose that
h = h1 +α log | · | where h1 is an α-quantum cone with α < Q and the embedding as in
the statement of the corollary. In this setting, h|D has the same law as a whole-plane
GFF with the additive constant fixed so that its average on ∂D is equal to 0. For each
z ∈ C and r > 0 we let h1,r(z) be the average of h1 on ∂B(z, r). Then we have that
h1,er(0) for r ≥ 0 evolves as Br − αr where B is a standard Brownian motion with
B0 = 0 conditioned so that Br + (Q − α)r ≥ 0 for all r ≥ 0. Therefore hr(0) evolves
as a standard Brownian motion B with B0 = 0 conditioned so that Br + (Q− α)r ≥ 0
for all r ≥ 0. Note that such a process is stochastically dominated from above by a
standard Brownian motion B with B0 = 1 conditioned so that Br + (Q− α)r ≥ 0 for
all r ≥ 0 and that in this case we are conditioning on a positive probability event. Such
a process is also stochastically dominated from below by a standard Brownian motion
B with B0 = 0 (with no conditioning). Combining, it follows that (2.17) holds in this
setting. Moreover, (2.16) also holds by using that the projection of h onto the functions
with mean-zero on all of the circles ∂B(0, r) for r > 0 is given by the corresponding
projection of a whole-plane GFF and the projection of h onto the functions which are
constant on such circles is stochastically dominated from above and below as we have
just described.
Lemma 2.7. Suppose that we have the same setup as in Proposition 2.4. For each α >
0 there exists a constant c0 > 0 such that the following is true. For all z, w ∈ B(0, 1/2)
and r, s ∈ (0, 1/2) we have that
E[|hr(z)− hs(w)|α] ≤ c0
( |(z, r)− (w, s)|
r ∧ s
)α/2
.
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Proof. This is the content of [HMP10, Proposition 2.1] in the case of a GFF on a
bounded domain D ⊆ C with Dirichlet boundary conditions. The proof in the case of
a whole-plane GFF is the same.
Proof of Proposition 2.4. By combining Lemma 2.7 (with a sufficiently large value of α)
with Proposition 2.3 we have that the following is true. For each ς > 0, there exists
M > 0 (random) such that for all z, w ∈ B(0, 1/2) and r ∈ (0, 1/2) we have that
|hr(z)− hr(w)| ≤Mr−1/2+ς |z − w|1/2−ς . (2.18)
Moreover, Lemma 2.7 and Proposition 2.3 imply that, for each α > 0, there exists a
constant c0 > 0 depending only on α such that:
P[M ≥ t] ≤ c0t−α for all t ≥ 1. (2.19)
Fix a0 ∈ (0, 1), j ∈ N, and let Ej,a0 = {M ≥ ea0j/4}. On Ecj,a0 , (2.18) implies that
|he−j(z)− he−j(w)| ≤Mej(1/2−ς)|z − w|1/2−ς
≤ e−a0(1/4−ς)j for all |z − w| ≤ e−(1+a0)j. (2.20)
Combining Lemma 2.6 with the explicit form of the variance of h [DS11, Proposi-
tion 3.2], we have that there exists a constant c1 > 0 such that for each α, δ > 0
that
P
[
h(z) ≥ (α + δ) log −1
] ≤ c1 exp(−(α + δ)2(log −1)2
2 log −1
)
≤ c1α2/2+αδ (2.21)
We are now going to use (2.21) to perform a union bound over a grid of points with
spacing e−(1+a0)j. The result will then follow by combining this with (2.19) and (2.20).
Let Cj,a0 = {z ∈ e−j(1+a0)Z2 : z ∈ B(0, 1/2)}. Note that |Cj,a0|  e2j(1+a0). By (2.21),
we have that
P[he−j(z) ≥ (2 + δ)j] ≤ c1e−2(1+δ)j. (2.22)
Consequently, by a union bound and (2.22), there exists a constant c2 > 0 such that
with
Fj,a0 =
{
max
z∈Cj,a0
he−j(z) ≤ (2 + δ)j
}
we have P
[
F cj,a0
] ≤ c2e2j(a0−δ). (2.23)
Suppose that u ∈ B(0, 1/2) is arbitrary. Then there exists z ∈ Cj,a0 such that |u− z| ≤√
2 · e−j(1+a0). On Ecj,a0 , by (2.20) we have for a constant c3 > 0 that
|he−j(z)− he−j(u)| ≤ c3e−a0(1/4−ς)j.
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Thus, on Eca0 ∩ Fj,a0 , we have that
he−j(u) ≤ c3e−a0(1/4−ς)j + he−j(z) ≤ c3e−a0(1/4−ς)j + (2 + δ)j.
That is,
sup
u∈B(0,1/2)
he−j(u) ≤ c3e−a0(1/4−ς)j + (2 + δ)j.
Choose α > 0 sufficiently large so that, applying (2.19) with this value of α, we have
that
P[Ej,a0 ] ≤ c0e2j(a0−δ). (2.24)
By (2.21) and (2.24), we have that
P
[
Ecj,a0 ∩ Fj,a0
] ≥ 1− (c0 + c2)e2j(a0−δ) = 1− c4e2j(a0−δ)
where c4 = c0+c2. This proves the result for r = e
−j. The result for general r ∈ (0, 1/2)
is proved similarly.
2.5 Continuous state branching processes
The purpose of this section is to record a few elementary properties of continuous state
branching processes (CSBPs); see [LG99, Kyp06] for an introduction.
Suppose that Y is a CSBP with branching mechanism ψ. Recall that this means that Y
is the Markov process on R+ whose transition kernels are characterized by the property
that
E[exp(−λYt) |Ys] = exp(−Ysut−s(λ)) for all t > s ≥ 0 (2.25)
where ut(λ), t ≥ 0, is the non-negative solution to the differential equation
∂ut
∂t
(λ) = −ψ(ut(λ)) for u0(λ) = λ. (2.26)
Let
Φ(q) = sup{θ ≥ 0 : ψ(θ) = q} (2.27)
and let
ζ = inf{t ≥ 0 : Yt = 0} (2.28)
be the extinction time for Y . Then we have that [Kyp06, Corollary 10.9]
E
[
e−q
∫ ζ
0 Ysds
]
= e−Φ(q)Y0 . (2.29)
A ψ-CSBP can be constructed from a Le´vy process with only positive jumps and vice-
versa [Lam67] (see also [Kyp06, Theorem 10.2]). Namely, suppose that X is a Le´vy
process with Laplace exponent ψ. That is,
E[e−λXt ] = eψ(λ)t.
31
Let
s(t) =
∫ t
0
1
Xu
du and s∗(t) = inf{r > 0 : s(r) > t}. (2.30)
Then the time-changed process Yt = Xs∗(t) is a ψ-CSBP. That is, Ys(t) = Xt. Conversely,
if Y is a ψ-CSBP and we let
t(s) =
∫ s
0
Yudu and t
∗(s) = inf{r > 0 : t(r) > s} (2.31)
then Xs = Yt∗(s) is a Le´vy process with Laplace exponent ψ. That is, Xt(s) = Ys.
We will be interested in the particular case that ψ(u) = uα for α ∈ (1, 2). For this
choice, we note that
ut(λ) =
(
λ1−α + (α− 1)t)1/(1−α) . (2.32)
Combining (2.25) and (2.32) implies that uα-CSBPs (which we will also later refer
to as α-stable CSBPs) satisfy a certain scaling property. Namely, if Y is a uα-CSBP
starting from Y0 then Y˜t = β
1/(1−α)Yβt is a uα-CSBP starting from Y˜0 = β1/(1−α)Y0. In
particular, if Y is a u3/2-CSBP starting from Y0 then Y˜t = β
−2Yβt is a u3/2-stable CSBP
starting from Y˜0 = β
−2Y0.
2.6 Tail bounds for stable processes and the Poisson law
2.6.1 Supremum of an α-stable process
Lemma 2.8. Suppose that X is an α-stable process with X0 = 0 and without positive
jumps. For each t ≥ 0, let St = sups∈[0,t] Xs. There exist constants c0, c1 > 0 such that
P[St ≥ u] ≤ c0 exp(−c1t−1/αu). (2.33)
Proof. For each t ≥ 0, we let St = sups∈[0,t] Xs. Fix q > 0 and let τ(q) be an exponential
random variable with parameter q which is sampled independently of X. Let Φ(λ) =
a
−1/α
0 λ
1/α be the inverse of the Laplace exponent ψ(λ) = a0λ
α of X. By [Ber96,
Chapter VII, Corollary 2], we have that Sτ(q) has the exponential distribution with
parameter Φ(q). In particular, we have that
P
[
Sτ(q) ≥ u
]
= exp(−Φ(q)u).
Therefore we have that
P[Sq−1 ≥ u] ≤ P
[
Sτ(q) ≥ u | τ(q) ≥ q−1
]
≤ c0P
[
Sτ(q) ≥ u
]
≤ c0 exp(−Φ(q)u)
where c0 = 1/P[τ(q) ≥ q−1] = e.
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2.6.2 Poisson deviations
Lemma 2.9. If Z is a Poisson random variable with mean λ then for each α ∈ (0, 1)
we have that
P[Z ≤ αλ] ≤ exp (λ(α− α logα− 1)). (2.34)
Similarly, for each α > 1 we have that
P[Z ≥ αλ] ≤ exp (λ(α− α logα− 1)). (2.35)
Proof. Recall that the moment generating function for a Poisson random variable with
mean λ is given by exp(λ(et − 1)). Therefore the probability that a Poisson random
variable Z of mean λ is smaller than a constant c satisfies for each β > 0 the inequality
P[Z ≤ c] = P[e−βZ ≥ e−βc] ≤ eβcE[e−βZ] = exp(βc+ λ(e−β − 1)).
If we take c = αλ, the above becomes
P[Z ≤ αλ] ≤ exp(λ(αβ + e−β − 1)).
Note that β 7→ αβ + e−β − 1 is minimized with β = − logα and taking β to be this
value implies the lower bound. The upper bound is proved similarly.
3 Quantum boundary length and area bounds
The purpose of this section is to derive tail bounds for the quantum boundary length
of the outer boundary of a QLE(8/3, 0) (Section 3.1), for the quantum area surrounded
by a QLE(8/3, 0) (Section 3.2), and also to establish the regularity of the quantum area
measure on a γ-quantum cone (Section 3.3). The estimates established in this section
will then feed into the Euclidean size bounds for QLE(8/3, 0) derived in Section 4.
3.1 Quantum boundary length of QLE(8/3, 0) hull
Lemma 3.1. Suppose that (C, h, 0,∞) is a√8/3-quantum cone, let (Γr) be the QLE(8/3, 0)
starting from 0 with the quantum distance parameterization, and for each r > 0 let Br
be the quantum boundary length of the outer boundary of Γr. There exist constants
c0, . . . , c3 > 0 such that for each r > 0 and t > 1 we have both
P
[
sup
0≤s≤r
Bs ≤ r2/t
]
≤ c0e−c1t1/2 and P
[
sup
0≤s≤r
Bs ≥ r2t
]
≤ c2e−c3t. (3.1)
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Recall from the construction of QLE(8/3, 0) on a
√
8/3-quantum cone given in Sec-
tion 2.2 that B evolves as the time-reversal of a 3/2-stable CSBP starting from 0
conditioned to be non-negative. Consequently, Lemma 3.1 is in fact a statement about
3/2-stable CSBPs. In order to prove Lemma 3.1, we will make use of the scaling
property for 3/2-stable CSBPs explained at the end of Section 2.5. Namely, if Y is a
3/2-stable CSBP starting from Y0 = x and α > 0 then α
−2Yαt is a 3/2-stable CSBP
starting from α−2x. We will also make use of the relationship between the time-reversal
of a 3/2-stable CSBP conditioned to be non-negative and the law of a 3/2-stable CSBP
run until the first time that it hits 0. Results of this type in the context of Le´vy pro-
cesses with only downward jumps are explained in [Ber96, Chapter VII, Section 4]. In
particular, combining the Lamperti transform (2.30) and [Ber96, Chapter VII, Theo-
rem 18] implies that the following is true. If Y is a 3/2-stable CSBP starting from
Y0 > 0 and ζ = inf{t ≥ 0 : Yt = 0}, then Yζ−t for t ∈ [0, ζ] evolves as a 3/2-stable
CSBP conditioned to be non-negative stopped at the last time that it hits x.
Proof of Lemma 3.1. Let Y be a 3/2-stable CSBP and let ζ = inf{t > 0 : Yt = 0}
starting from Y0. For each x ≥ 0, we let Px[·] be the law under which Y0 = x.
Using the time-reversal result for CSBPs mentioned just above, in order to prove the
first inequality of (3.1) it suffices to show that the following is true. There exist con-
stants c0, c1 > 0 such that the probability that there is an interval of length at least
r during which Y is contained in [0, r2/t] is at most c0e
−c1t1/2 under the law Px with
x ≥ r2/t. By applying scaling as described at the end of Section 2.5, it in turn suffices
to show that the probability of the event E that there is an interval of length at least
t1/2 during which Y is contained in [0, 1] is at most c0e
−c1t1/2 under the law Px with
x ≥ 1.
To see that this is the case, we define stopping times inductively as follows. Let τ0 =
inf{t ≥ 0 : Yt ≤ 1} and σ0 = ζ ∧ inf{t ≥ τ0 : Yt ≥ 2}. Assuming that we have defined
stopping times τ0, . . . , τk and σ0, . . . , σk for some k ∈ N, we let τk+1 = inf{t ≥ σk :
Yt ≤ 1} and σk+1 = ζ ∧ inf{t ≥ τk+1 : Yt ≥ 2}. Let N = min{k : Yσk = 0}. Then N has
the geometric distribution. Note that there exist constants c0, c1 such that for each k,
we have that P[σk − τk ≥ t1/2 |N ≥ k] ≤ c0e−c1t1/2 because in each round of length 1,
Y has a uniformly positive chance of exiting (0, 2). Observe that
P[E] ≤
∑
k
P[σk − τk ≥ t1/2, N ≥ k]
=
∑
k
P[σk − τk ≥ t1/2 |N ≥ k]P[N ≥ k]
≤ c0e−c1t1/2
∑
k
P[N ≥ k] = E[N ]c0e−c1t1/2 . (3.2)
The first inequality of (3.1) thus follows by possibly increasing the value of c0.
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We will prove the second inequality of (3.1) using again the aforementioned time-
reversal result for CSBPs. Namely, it suffices to show that there exist constants c2, c3 >
0 such that the probability that there is an interval of length at most r in which Y
starts at r2t and then exits at 0 is at most c2e
−c3t. By scaling, it suffices to show that
there exist constants c2, c3 > 0 such that the probability of the event E that there is
an interval of length at most t−1/2 in which Y starts at 1 and then exits at 0 is at most
c2e
−c3t. To show that this is the case we assume that we have defined stopping times
σk, τk and N as in our proof of the first inequality of (3.1). Note that (recall (2.25)
and (2.32))
Px[ζ ≤ v] = lim
λ→∞
Ex[exp(−λYv)] = lim
λ→∞
exp(−xuv(λ)) = exp(−4x/v2). (3.3)
Evaluating (3.3) at x = 1 and v = t−1/2 implies that there exist constants c2, c3 > 0 such
that P[σk − τk ≤ t−1/2 |N ≥ k] ≤ c2e−c3t. Thus the second inequality in (3.1) follows
the calculation in (3.2) used to complete the proof of the first inequality of (3.1).
3.2 Quantum area of QLE(8/3, 0) hull
Lemma 3.2. Let (C, h, 0,∞) be a √8/3-quantum cone, let (Γr) be the QLE(8/3, 0)
growing from 0 with the quantum distance parameterization, and for each r > 0 let Ar
be the quantum area of Γr. There exist constants a0, c0, c1 > 0 such that
P
[
Ar ≤ r4/t
] ≤ c0 exp(−c1ta0) for all r > 0, t ≥ 1. (3.4)
Before we give the proof of Lemma 3.2, we first need to record the following fact.
Lemma 3.3. There exists a constant c0 > 0 such that the following is true. Suppose
that (S , h) has the law of a quantum disk with quantum boundary length `. Then
E[µh(S)] = c0`2. (3.5)
Proof. Recall that the law of a quantum disk with boundary length ` can be sampled
from by first picking (S , h) from the law of the unit boundary length quantum disk
and then taking the field h+ 2γ−1 log `. Note that adding 2γ−1 log ` to the field has the
effect of multiplying quantum boundary lengths (resp. areas) by ` (resp. `2). [MS15c,
Proposition 6.5] implies that the law of a quantum disk with given boundary length
weighted by its quantum area makes sense as a probability measure which is equivalent
to the quantum area having finite expectation. Combining this with the aforementioned
scaling implies the result.
Proof of Lemma 3.2. For each r > 0, we let Br be the quantum length of the outer
boundary of Γr. Fix r > 0. Then we know from Lemma 3.1 that there exist constants
c0, c1 > 0 such that
P
[
sup
0≤s≤r
Bs ≤ r2/t
]
≤ c0 exp(−c1t1/2) for each t ≥ 1. (3.6)
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Suppose that X is a 3/2-stable Le´vy process with only downward jumps and let Px[·]
be the law under which X0 = x. Let W have law P[· |X ≥ 0] and write Pw[·] for the
law of W under which W0 = w. Then we know that the law of B is equal to the law
of W under P0 after performing the time change as in (2.31) (recall the importance of
this time-change in the context of QLE(8/3, 0), as discussed around (2.2)). Fix t ≥ 1.
It then follows from (3.6) that the probability that W hits r2/t before the time which
corresponds to when Γ has quantum radius r is at least 1− c0 exp(−c1t1/2).
We are now going to argue that, by possibly adjusting the values of c0, c1 > 0, we
have that the probability that W takes less than r3/t3 units of time to hit r2/t is at
most c0 exp(−c1t). To see this, we let τ be the first time that W hits r2/(2t). Then
it suffices to show that the probability that W starting from r2/(2t) takes less than
r3/t3 time to hit r2/t is at most c0 exp(−c1t). Since the probability that a 3/2-stable
Le´vy process with only downward jumps starting from r2/(2t) to hit r2/t before hitting
0 is uniformly positive in r > 0 and t ≥ 1 (by scaling), it suffices to show that the
probability that X starting from r2/(2t) hits r2/t in less than r3/t3 time is at most
c0 exp(−c1t). This, in turn, follows from Lemma 2.8.
Suppose that 0 < a < b < ∞. The number of downward jumps made by X in time
r3/t3 of size between a and b is distributed as a Poisson random variable with mean
given by a constant times
r3
t3
∫ b
a
s−5/2ds =
2
3
· r
3
t3
(a−3/2 − b−3/2). (3.7)
In particular, the number of jumps made by X in time r3/t3 of size between 1
2
r2t−8/3 and
r2t−8/3 is Poisson with mean proportional to t. Therefore it follows from Lemma 2.9
that there exist constants c2, c3 > 0 such that the probability of the event that the
number of such jumps is fewer than 1/2 its mean is at most c2 exp(−c3t). It follows
from the argument of the previous paragraph that the same holds for W . We note that
each of the jumps of W corresponds to a quantum disk cut out by Γ|[0,r] and the size
of the jump corresponds to the quantum boundary length of the disk. Moreover, the
probability that fewer than 1/2 of these disks have quantum area which is larger than
1/2 of the conditional expectation of the quantum area given its quantum boundary
length is at most c4 exp(−c5t) where c4, c5 > 0 are constants. By Lemma 3.3, the
conditional mean of the quantum area of such a quantum disk given its quantum
boundary length is proportional to r4t−16/3 (when the boundary length is proportional
to r2t−8/3), combining all of our estimates implies (3.4).
3.3 Regularity of the quantum area measure on a γ-quantum
cone
The purpose of this section is to record an upper bound for the quantum area measure
associated with a γ-quantum cone.
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Proposition 3.4. Fix γ ∈ (0, 2) and let
α =
(γ2 − 4)2
4(4 + γ2)
. (3.8)
Suppose that (C, h, 0,∞) is a γ-quantum cone with the circle average embedding. Fix
ζ ∈ (0, α) and let HR,ζ be the event that for every z ∈ C and s ∈ (0, R) such that
B(z, s) ⊆ D we have that µh(B(z, s)) ≤ sα−ζ. Then P[HR,ζ ]→ 1 as R→ 0 with ζ > 0
fixed.
Proof. We first suppose that h is a whole-plane GFF on C with the additive constant
fixed so that h1(0) = 0 and let µh be the associated quantum area measure. Fix
q ∈ (0, 4/γ2). Then [RV10, Proposition 3.7] implies that there exists a constant cq > 0
such that with
ξ(q) =
(
2 +
γ2
2
)
q − γ
2
2
q2
we have that
E[µh(B(z, s))
q] ≤ cqsξ(q). (3.9)
Let α be as in (3.8) and fix ζ ∈ (0, α). It therefore follows from (3.9) and Markov’s
inequality that
P
[
µh(B(z, s)) ≥ sα−ζ
] ≤ cqsξ(q)−(α−ζ)q. (3.10)
Let
q∗ =
4 + γ2
2γ2
∈
(
0,
4
γ2
)
be the value of q that maximizes ξ(q). Note that
α =
ξ(q∗)− 2
q∗
so that the exponent on the right side of (3.10) with q = q∗ is strictly larger than 2.
Therefore applying the Borel-Cantelli lemma along with (3.10) on a dyadic partition
of D implies the result in the case of the whole-plane GFF.
We are now going to deduce the result in the case of a γ-quantum cone from the result
in the case of the whole-plane GFF using absolute continuity. We suppose now that
(C, h˜, 0,∞) is a γ-quantum cone with the circle average embedding. If B ⊆ D is any
box with positive distance to 0, we have that the law of h|B is mutually absolutely
continuous with respect to the law of h˜|B. In particular, if we define H˜BR,ζ in the
same manner as HR,ζ except with µ˜ restricted to B in place of µ then we have that
P
[
H˜BR,ζ
]
→ 1 as R→ 0 with ζ ∈ (0, α) fixed.
Let η˜′ be a space-filling SLEκ′ from ∞ to ∞ sampled independently of h˜ and then
reparameterized by quantum area as assigned by h˜. That is, we have that µ˜(η˜′([s, t])) =
37
t− s for all s < t. We normalize time so that η˜′(0) = 0. Then we know from [DMS14,
Theorem 1.13] that the joint law of (h˜, η˜′) is the same as the joint law of the field which
arises by taking (h˜(· + η˜′(t)), η˜′(· + t)− η˜′(t)) and then rescaling so that the new field
has the circle average embedding.
Note that for t > 0 small we have that η˜′(t) has probability arbitrarily close to 1 of
being in a box B as above with rational coordinates. The result therefore follows by
scaling.
4 Euclidean size bounds for QLE(8/3, 0)
The purpose of this section is to establish bounds for the Euclidean size of a QLE(8/3, 0)
process growing on a
√
8/3-quantum cone. The lower bound is obtained in Section 4.1
by combining Proposition 3.4 established just above with the lower bound on the quan-
tum area cut off from ∞ by a QLE(8/3, 0) established in Lemma 3.2. In Section 4.2
we will first give an upper bound on the Euclidean diameter of a QLE(8/3, 0) and then
combine this with the results of Section 3.3 to obtain an upper bound on the quantum
area of the hull of a QLE(8/3, 0).
4.1 Diameter lower bound
Proposition 4.1. Suppose that (C, h, 0,∞) is a √8/3-quantum cone with the circle
average embedding. Let HR,ζ be the event from Proposition 3.4. There exist constants
c0, . . . , c3 > 0 depending only on R, ζ such that the following is true. Let (Γr) be the
hull of a QLE(8/3, 0) process starting from 0 parameterized by quantum distance. For
each r ∈ (0, R) we have that
P[diam(Γr) ≤ rc0 , HR,ζ ] ≤ c1 exp(−c2r−c3). (4.1)
Proof. This follows by combining (3.4) of Lemma 3.2 with the definition of HR,ζ .
4.2 Diameter upper bound
Proposition 4.2. Suppose that (C, h, 0,∞) is a √8/3-quantum cone with the circle
average embedding. Let (Γr) be a QLE(8/3, 0) process starting from 0 with the quantum
distance parameterization. For each p > 0 there exists a constant a0 = a0(p) > 0 so
that
P[diam(Γr) ≥ ra0 ] = O(rp) as r → 0. (4.2)
Moreover, there exist constants c1 > 0 and a1 > 4 such that
E
[
diam(Γr)
41{diam(Γr)≤1}
] ≤ c1ra1 for all r > 0. (4.3)
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The part of Proposition 4.2 asserted in (4.2) will be used in the proof of Theorem 1.1
and Theorem 1.2. The part which is asserted in (4.3) will be used in the proof of the
main result of [MS16a].
ϕ
D
∂B(0, 2)
h
h˜ = h ◦ ψ +Q log |ψ′|
Γ
ψ(∂B(0, 2))
ψ = ϕ−1
Figure 4.1: Illustration of the argument used to prove Proposition 4.2. Shown on the
left is a QLE(8/3, 0) process Γ on a
√
8/3-quantum cone (C, h, 0,∞) starting from 0
run up to quantum distance time  > 0. If ` denotes the quantum boundary length of
Γ, then the conditional law of the surface parameterized by C\Γ is given by m`. The
map ϕ takes C \ Γ to C \D which fixes and has positive derivative at ∞. To bound
diam(Γ), it suffices to bound the Euclidean length of ψ(∂B(0, 2)) where ψ = ϕ
−1.
By solving for log |ψ′| in the change of coordinates formula h˜ = h ◦ ψ + Q log |ψ′| for
quantum surfaces and using that log |ψ′| is harmonic, it in turn suffices to bound the
extremes of the harmonic extensions of h and h˜ from ∂Γ to C \ Γ and from ∂D to
C \D.
We will divide the proof of Proposition 4.2 into three steps. The first step, carried
out in Section 4.2.1, is to give a tail bound for the quantum boundary length of ∂C+
assigned by a free boundary GFF on C+ with the additive constant fixed so that the
average on ∂C+ is equal to 0. Using the resampling characterization of the unexplored
region of a
√
8/3-quantum cone established in [MS15c], we will then deduce from this
in Section 4.2.2 that it is very unlikely for the harmonic extension of the values of the
field from ∂C+ to C+ restricted to C+ + r to be large where r > 0 is fixed. We will
then use this result to complete the proof of Proposition 4.2 in Section 4.2.3
Before we proceed to the proof, we will first deduce an upper bound on the quantum
area in the hull of a QLE(8/3, 0).
Corollary 4.3. Let HR,ζ be as in Proposition 3.4. For every β > 0 there exists r0, α ∈
(0, 1) such that the following is true. Let (C, h, 0,∞) be a √8/3-quantum cone with
the circle average embedding and let (Γr) be a QLE(8/3, 0) starting from 0 with the
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quantum distance parameterization. For each r > 0, let Ar be the quantum area cut off
by Γr from ∞. Then there exists a constant c0 > 0 such that
P[Ar ≥ rα, HR,ζ ] ≤ c0rβ for all r ∈ (0, r0).
Proof. Fix β > 0 and let δ = β so that the assertion of (4.2) from Proposition 4.2 holds
with probability c3r
β. Then it is easy to see from the definition of HR,ζ that the result
holds for r0 = R
1/a0 and a value of α ∈ (0, 1) sufficiently small.
4.2.1 Quantum boundary length tail bounds for the free boundary GFF
We turn to establish a tail bound for the quantum boundary length assigned by a free
boundary GFF on C+ to ∂C+ where the additive constant is set so that its average on
∂C+ is equal to 0. This result is analogous to [DS11, Lemma 4.5] and we will make use
of a similar strategy for the proof.
Proposition 4.4. Suppose that h is a free boundary GFF on C+ with the additive
constant fixed so that its average on ∂C+ is equal to 0. There exist constants c0, c1 > 0
such that the following is true. Let B be the quantum boundary length of ∂C+ and
B˜ = 2γ−1 logB. Then
P
[
B˜ ≤ η
]
≤ c0e−c1η2 for all η ∈ R−. (4.4)
Let h be the function which is harmonic in C+ with boundary values given by those of
h on ∂C+. Then the same is also true if we let r > 0 and then fix the additive constant
for h so that supz∈C++r h(z) = 0.
We need three preparatory lemmas in order to establish Proposition 4.4.
Lemma 4.5. Suppose that f : R− → [0, 1] is an increasing function such that there
exist constants c0, c1 > 0, α ∈ (1/
√
2, 1), and η0 ∈ R− such that
f(η) ≤ e−c0η2 + (f(αη − c1))2 for all η ≤ η0. (4.5)
Then there exists a constant c2 > 0 and η1 ∈ R− such that
f(η) ≤ e−c2η2 for all η ≤ η1. (4.6)
Proof. We set aK = η and then inductively set ak−1 = αak − c1 for k ≥ 1 where we
have chosen K so that a0 ≥ −2c1. We note that if η is sufficiently small (depending
only on α and c1). Let
qk =
f(ak)
e−c0a2k
for each k ∈ N.
40
We have that
qk ≤ 1 + q2k−1e−c0(2a
2
k−1−a2k) (by (4.5))
≤ 1 + q2k−1e−c0(2α
2−1)a2k .
It is not difficult to see from this that qk is bounded by a constant which does not
depend on η, from which the result follows.
Lemma 4.6. Suppose that h is a GFF with zero boundary conditions on a bounded
domain D, U ⊆ D is open with dist(∂U, ∂D) > 0, and K ⊆ U is compact. Let h˜ be
the projection of h onto the subspace of functions in H(D) which are harmonic on U .
There exist constants c0, c1 > 0 depending only on U , K, and D such that
P
[
sup
z∈K
|h˜(z)| ≥ η
]
≤ c0e−c1η2 for all η ≥ 0. (4.7)
The same is also true if h is a whole-plane GFF with the additive constant fixed so that
its average on ∂D is equal to 0, U ⊆ D is open with dist(U, ∂D) > 0, and K ⊆ U is
compact.
Proof. We will give the proof in the case that h is a GFF on a bounded domain D with
zero-boundary conditions. The proof in the case of the whole-plane GFF is analogous.
Fix r0 > 0 such that z ∈ K implies that B(z, r0) has distance at least r0 to ∂U and
let r1 =
1
2
r0 and r2 =
1
2
r1. Fix z ∈ K and, for w ∈ B(z, r1), let µz,w denote harmonic
measure in B(z, r1) as seen from w. Then we can write
h˜(w) =
∫
h˜(u)dµz,w(u)
and therefore
|h˜(w)| ≤
∫
|h˜(u)|dµz,w(u).
Note that there exists a constant c0 > 0 such that
sup
w∈B(z,r2)
|h˜(w)| ≤ c0
∫
|h˜(u)|dµz,z(u).
By the compactness of K, it suffices to show that there exist constants c1, c2 > 0 such
that
P
[∫
|h˜(u)|dµz,z(u) ≥ η
]
≤ c1e−c2η2 for all η ≥ 0.
Fix α > 0. By two applications of Jensen’s inequality, we have that
E
[
exp
((
α
∫
|h˜(u)|dµz,z(u)
)2)]
≤
∫
E
[
eα
2|h˜(u)|2
]
dµz,z(u). (4.8)
The right hand side of (4.8) is finite for α > 0 small enough uniformly in z ∈ K since
h˜(u) is a Gaussian with variance which is uniformly bounded over u ∈ ∂B(z, r1) for
z ∈ K. This, in turn, implies the result.
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Lemma 4.7. Suppose that h is a GFF on D with zero boundary conditions. Let B
be the quantum boundary length of [−1/2, 1/2] measured using the field √2h and let
B˜ = 2γ−1 logB. There exist constants c0, c1 > 0 such that
P
[
B˜ < η
]
≤ c0e−c1η2 for all η ∈ R−.
By the odd/even decomposition [She16, Section 3.2], it follows that the law of the
restriction of
√
2h as in the statement of Lemma 4.7 is mutually absolutely continuous
with respect to the law of the corresponding restriction of a free boundary GFF on H.
Consequently, the quantum boundary length of [−1/2, 1/2] assigned by √2h is well-
defined.
Proof of Lemma 4.7. Let h˜ be the projection of h onto the subspace of functions which
are harmonic in C− = B(−1/4, 1/4) and C+ = B(1/4, 1/4). Then we have that ĥ =
h − h˜ is given by a pair of independent zero-boundary GFFs in C−, C+. Let B−
(resp. B+) be the quantum boundary length of [−3/8,−1/8] (resp. [1/8, 3/8]) computed
using the GFF
√
2ĥ. Let h be the infimum of h˜ on [−3/8,−1/8] ∪ [1/8, 3/8] and let
B˜± = 2γ−1 logB±. Then B˜−, B˜+ are independent, B˜−, B˜+
d
= B˜ −Q log 4, and
B˜ ≥ max(B˜−, B˜+) +
√
2h. (4.9)
For each η ≤ 0, we let f(η) = P
[
B˜ < η
]
. Fix α > 0. Then we have that
f(η) ≤ P[h ≤ αη] + P
[
B˜ < η, h > αη
]
≤ c0e−c1α2η2 + P
[
B˜− +
√
2αη < η, B˜+ +
√
2αη < η
]
(Lemma 4.6) and (4.9))
≤ c0e−c1α2η2 + (f(α˜η −Q log 4))2 (with α˜ = 1−
√
2α).
Assume that α > 0 is chosen sufficiently small so that α˜ ∈ (1/√2, 1). Then Lemma 4.5
implies that there exist constants c2, c3 > 0 such that f(η) < c2e
−c3η2 , which gives the
result.
Proof of Proposition 4.4. Lemma 4.7 implies the result when we work in the modified
setting that h is a GFF on D with zero boundary conditions and B is the quantum
boundary length of [−1/2, 1/2] measured using √2h. We will deduce the result from
this and conformal mapping. We begin by letting ϕ be a Mo¨bius transformation which
sends [−1/2, 1/2] to X = {1
2
eiθ : θ ∈ [0, pi]}, i.e. the semi-circle of radius 1/2 in H
centered at the origin, and let ĥ = h ◦ ϕ−1 + Q log |(ϕ−1)′|. Let B̂ be the quantum
boundary length assigned to X by
√
2ĥ. Since (ϕ−1)′ is bounded from above and below
on X, it follows that there exist constants c0, c1 > 0 such that
P
[
2γ−1 log B̂ < η
]
≤ c0e−c1η2 for all η ∈ R−.
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Two applications of Lemma 4.6 and the Markov property imply that the same is true
for the quantum length B̂ assigned to X by
√
2ĥ where ĥ is a zero-boundary GFF
on D and therefore by a union bound the same is true for the quantum length assigned
to 1
2
∂D by
√
2ĥ. The result for the whole-plane GFF then follows by applying the
Markov property and Lemma 4.6 again. Finally, the result for the GFF on C with free
boundary conditions follows by using the odd/even decomposition [She16, Section 3.2]
of the free boundary GFF on C+ in terms of the whole-plane GFF on C . The proof
in the setting that we fix the additive constant for h so that supz∈C++r h(z) = 0 is
analogous.
4.2.2 Harmonic tail bound for the unexplored region of a quantum cone
We are now going to use Proposition 4.4 to show that the harmonic extension of the
boundary values of h sampled from m1 (recall the definition from Section 2.1.3) is
unlikely to be large when restricted to C+ + r for any fixed r > 0.
Proposition 4.8. For each r > 0 there exist constants c0, c1 > 0 such that the following
is true. Suppose that (C+, h) has the law m1. Let h be the harmonic extension of the
values of h from ∂C+ to C+. Then we have that
P
[
sup
z∈C++r
h(z) ≥ η
]
≤ c0e−c1η2 for all η ∈ R+.
We will need to collect two preliminary lemmas before we give the proof of Proposi-
tion 4.8. The first result gives that Proposition 4.4 holds when we choose the additive
constant for h in a slightly different way.
Lemma 4.9. Fix r > 0. Suppose that we have the same setup as in Proposition 4.4,
let h be the function which is harmonic in C+ with boundary values given by those of h
on ∂C+, and that we have taken the additive constant for h so that supz∈∂C++r h(z) is
equal to 0. Then (4.4) still holds.
Proof. This follows by a union bound using Proposition 4.4 with Lemma 4.6.
Lemma 4.10. For each r > 0, consider the law Pr on random fields hr defined as
follows.
1. Sample h from m1
2. Take hr to be equal to h in C+ +r and then sample hr in the annulus [0, r]× [0, 2pi]
in C+ as a GFF with Dirichlet boundary conditions on ∂C+ + r given by those of
h and free boundary conditions on ∂C+.
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Let h denote the harmonic extension of the values of hr from ∂C+ to C+ and let
A = supz∈C++1 h(z). Let B denote the quantum boundary length of ∂C+ and let
B˜ = 2γ−1 logB. Fix x, y ∈ R and let Iu, = [u, u + ] for u ∈ {x, y}. Let Wr be
the average of h on ∂C+ + r. There exists a constant c0 > 0 such that a.s.,
lim sup
→0
lim sup
r→∞
Pr[A ∈ Ix, |Wr]
Pr[B˜ ∈ Iy, |Wr]
≤ c0e(Q−γ)(x−y).
We recall from [MS15c, Proposition 6.5] that the law of hr conditioned on B = 1 is
equal to m1. Thus the bound established in Lemma 4.10 will be useful in the proof
of Proposition 4.8 given just below to rule out the possibility that A takes on a large
value given B = 1 (via a Bayes’ rule calculation).
Proof of Lemma 4.10. For each r > 0 we let Wr be the average of h on ∂C+ + r. The
resampling properties for m1 (see, e.g., [MS15c, Proposition 6.5]) imply that
Wr = (Q− γ)r + Ur +X (4.10)
where Ur is a standard Brownian motion with U0 = 0 and X is a.s. finite (X is given
by the average of h on ∂C+). Under Pr, the conditional law of the average of the field
on ∂C+ given Wr is that of a Gaussian random variable with mean Wr and variance r.
It therefore follows that there exists a constant c0 > 0 such that
Pr[A ∈ Ix, |Wr] ≤ c0√
r
e−(Wr−x)
2/2r. (4.11)
We similarly have that there exists a constant c1 > 0 such that
Pr[B˜ ∈ Iy, |Wr] ≥ c1√
r
e−(Wr−y)
2/2r. (4.12)
The result follows by combining (4.11) and (4.12) and using (4.10).
Proof of Proposition 4.8. Let Wr, Pr, A, B, B˜, Ix,, and Iy, be as in Lemma 4.10. By
Bayes’ rule we have that
Pr[A ∈ Ix, | B˜ ∈ Iy,,Wr] = Pr[A ∈ Ix, |Wr]
Pr[B˜ ∈ Iy, |Wr]
Pr[B˜ ∈ Iy, |A ∈ Ix,,Wr]. (4.13)
Lemma 4.10 implies that the lim sup as → 0 and r →∞ of the first term on the right
hand side is a.s. at most c0e
(Q−γ)(x−y). We also have that the lim sup as  → 0 and
r →∞ of −1Pr[B˜ ∈ Iy, |A ∈ Ix,,Wr] is equal to the conditional density of B˜ at y of
the law of a GFF on C+ with free boundary conditions plus the function r 7→ (Q− γ)r
with the additive constant fixed so that A = x. Call this function gx(y). Similarly, the
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lim sup as → 0 and r →∞ of −1Pr[A ∈ Ix, | B˜ ∈ I0,,Wr] is equal to the density of
A at x under m1. Call this function f(x). Combining, we have that
f(x) ≤ c0e(Q−γ)xgx(0).
Note that gx(0) = g(−x) where g is the density of B˜ under the law of a GFF on C+ with
free boundary conditions plus the function r 7→ (Q − γ)r with the additive constant
fixed so that A = 0. Proposition 4.4 implies that there exist constants c1, c2 > 0 so
that for each k ≥ 0 we have that∫ k+1
k
g(−s)ds ≤ c1e−c2k2 .
Combining, we have for η ≥ 0 and k0 = bηc that
P[A ≥ η] =
∫ ∞
η
f(s)ds ≤
∞∑
k=k0
∫ k+1
k
c0e
(Q−γ)(k+1)g(−s)ds
≤
∞∑
k=k0
c0e
(Q−γ)(k+1) × c1e−c2k2 ≤ c3e−c4η2
for constants c3, c4 > 0. That is, under m
1, we have that the probability that the
supremum of the harmonic extension of the field from ∂C+ to C+ restricted to ∂C+ + 1
is at least η is at most c3e
−c4η2 . The same argument applies to bound the tail of the
supremum of the harmonic extension of the field from ∂C+ to C+ restricted to ∂C+ + r
for any fixed value of r > 0.
4.2.3 Proof of Proposition 4.2
Suppose that (C, h, 0,∞) is a √8/3-quantum cone with the circle average embedding
as in the statement of the proposition and let (Γr) be the QLE(8/3, 0) growing from 0
to ∞.
Throughout, we let γ =
√
8/3. Fix  > 0 and let ` be the quantum boundary
length of the outer boundary of Γ. Let ϕ : C \ Γ → C \D be the unique conformal
transformation with ϕ(∞) = ∞ and ϕ′(∞) > 0 and let ψ = ϕ−1. We then let
h1 = h ◦ ψ +Q log |ψ′| − 2γ−1 log ` so that (C \D, h1) has the law m1.
Let R∗ = 4pi supz∈∂B(0,2) |ψ′(z)| and note that
diam(Γ) ≤
∫
∂B(0,2)
|ψ′(z)|dz ≤ R∗ (4.14)
where dz denotes Lebesgue measure on ∂B(0, 2). It therefore suffices to show that for
each p > 0 there exist a0 = a0(p) such that
P[R∗ ≥ a0 ] = O(p) as → 0. (4.15)
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Fix ζ > 0 and let E1 = {` ≤ 2−ζ}. By Lemma 3.1, we have for constants c1, c2 > 0
that P[Ec1] ≤ c1 exp(−c2−ζ). It therefore suffices to work on E1.
Write h2 = h + γ log | · |. By the change of coordinates formula for quantum surfaces,
we have on the event E1 that
Q log |ψ′| = 2
γ
log ` + γ log |ψ(·)|+ h1 − h2 ◦ ψ
≤ 4− 2ζ
γ
log + γ log |ψ(·)|+ h1 − h2 ◦ ψ. (4.16)
Let h1 (resp. h2) be the function which is harmonic in C\D (resp. C\Γ) with boundary
values given by those of h1 (resp. h2) on ∂D (resp. ∂Γ). Proposition 4.8 implies that
there exist constants c3, c4 > 0 such that with
E2 =
{
sup
z∈∂B(0,2)
h1(z) ≤ ζ
γ
log −1
}
we have P[Ec2] ≤ c3 exp(−c4ζ2(log −1)2).
Therefore it suffices to work on E2.
Since the left side of (4.16) is harmonic in C \D it follows that (4.16) holds with h1, h2
in place of h1, h2 so that on E1 ∩ E2 we have for z ∈ ∂B(0, 2) that
Q log |ψ′(z)| ≤ 4− 2ζ
γ
log + γ log |ψ(z)|+ h1(z)− h2(ψ(z))
≤ 4− 3ζ
γ
log + γ log |ψ(z)| − h2(ψ(z)). (4.17)
For z ∈ B(0, 2) we note that
|ψ(z)| ≤ diam(ψ(B(0, 2))) ≤ R∗ . (4.18)
Thus by taking the supremum of both sides of (4.17) over z ∈ ∂B(0, 2) we arrive at
the inequality
Q logR∗ ≤
4− 3ζ
γ
log + γ logR∗ − inf
z∈∂B(0,2)
h2(ψ(z)). (4.19)
Let z∗ be a point in ∂B(0, 2) where infz∈∂B(0,2) h2(ψ(z)) is attained. By the Markov
property of the GFF, we can write −h2(ψ(z∗)) = −h2,r(ψ(z∗)) + Z where we take
r = sup{ek : k ∈ Z, ek ≤ dist(ψ(z∗),Γ)} and Z is a Gaussian variable of bounded
variance. In particular, the probability of the event E3 = {|Z| ≤ ζ/γ log −1} is 1 −
O(exp(−c5(ζ/γ)2(log −1)2)) for a constant c5 > 0. We therefore may assume that we
are working on E3. That is, −h2(ψ(z∗)) ≤ −h2,r(ψ(z∗)) + ζγ log −1. Fix a > 0 so that
Q − γ − a > 0 and C > 0. We assume that C is chosen so that if Ea,C is as in the
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statement of Corollary 2.5 in terms of the field h2 we have that P[Ea,C ] ≥ 1/2. Fix
δ > 0 and let Aδ = ∩k∈N{supz∈B(0,1/2) |h2,e−k(z)| ≥ (2 + δ) log r−1} be the event from
the statement of Proposition 2.4. On Aδ ∩ Ea,C , we thus have that
− inf
z∈∂B(0,2)
h2(ψ(z)) ≤
{
a logR∗ +
ζ
γ
log −1 + C if R∗ ≥ 1/2
(2 + δ) log(R∗ )
−1 + ζ
γ
log −1 if R∗ < 1/2.
(4.20)
Suppose that R∗ ≥ 1/2. Using (4.18) and (4.20) we have from (4.17) the upper bound
Q logR∗ ≤
4− 4ζ
γ
log + (γ + a) logR∗ + c6 (4.21)
where c6 > 0 is a constant. Rearranging (4.21) gives for a constant c7 > 0 that
logR∗ ≤
4− 4ζ
γ(Q− γ − a) log + c7. (4.22)
Suppose that R∗ ≤ 1/2. Arguing as before, in this case, we have for a constant c8 > 0
that
logR∗ ≤
4− 4ζ
γ(Q− γ + 2 + δ) log + c8. (4.23)
Combining (4.22) and (4.23) implies that there exists a0 > 0 such that P[R
∗
 ≥
a0 , Aδ, Ea,C ] decays to 0 as  → 0 faster than any polynomial. Note that Q,δ =
{R∗ ≥ a0} ∩ Aδ (resp. Ea,C) depends only on h restricted to D (resp. the comple-
ment of D) provided  > 0 is small enough. Let h˜2 be a sample from the law of h2
conditioned on Ea,C occurring taken to be independent of h2. Let g be the function
which is harmonic in D with boundary values given by h˜2 − h2, let φ ∈ C∞0 (D) be
such that φ|B(0,1/2) ≡ 1, and let g˜ = φg. Then h2 + g˜ = h˜2 in D. Moreover, the
Radon-Nikodym derivative of the law of h2 + g˜ with respect to the law of h2 is given
by Z = exp((h2, g˜)∇ − ‖g˜‖2∇/2) (see, e.g., Lemma 5.4 below). That is, weighting the
law of h2 by Z and then restricting to B(0, 1/2) is the same as the law of h2 given Ea,C
restricted to B(0, 1/2). Applying the Cauchy-Schwarz inequality in the first inequality
and recalling that P[Ea,C ] ≥ 1/2 so that 1/P[Ea,C ] ≤ 2, we thus have that
P[Q,δ] = E[1Q,δZZ−1] = E[1Q,δZ−1 |Ea,C ] ≤ P[Q,δ |Ea,C ]1/2E[Z−2 |Ea,C ]1/2
≤ 2P[Q,δ, Ea,C ]1/2E[Z−2]1/2.
As we explained above, P[Q,δ, Ea,C ] decays to 0 as  → 0 faster than any polynomial
of  and, by Lemma 4.6, we have that
E[Z−2] = E[exp(3‖g˜‖2∇)] <∞.
Consequently, P[Q,δ] decays to 0 as  → 0 faster than any polynomial of . This
completes the proof of (4.2) as we have that
P[R∗ ≥ a0 ] ≤ P[Q,δ] + P[Acδ] ≤ P[Q,δ] + c0δ (by Proposition 2.4 with ξ = 1/2).
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In particular, we can make the right hand side be O(p) by taking δ = p.
On the event that diam(Γ) ≤ 1, we have that the term γ log |ψ(z)| on the right side
of (4.17) is bounded. We also have, using Proposition 2.4, that − infz∈∂B(0,2) h2(z) is at
most (2 + δ) log(R∗ )
−1 off an event which occurs with probability at most a constant
times 2δ(1−ζ). That is, by rearranging (4.17) we get for constants c9, c10 > 0 that
logR∗ ≤
4− 3ζ
γ(Q− γ + 2 + δ) log + c9 (4.24)
off an event which occurs with probability at most c10
2δ(1−ζ). This implies (4.3) because
we uniformly have that
4
(
4− 3ζ
γ(Q− γ + 2 + δ)
)
+ 2δ(1− ζ) > 4 for all δ > 0
provided we fix ζ > 0 small enough.
5 Ho¨lder continuity of the QLE(8/3, 0) metric
We will prove Theorems 1.1–1.3 and Theorem 1.6 in this section. We will prove the
first two results in the setting of a
√
8/3-quantum cone. As we will see, this setting
simplifies some aspects of the proofs because a quantum cone is invariant under the
operation of multiplying its area by a constant.
To prove Theorem 1.1, we suppose that C = (C, h, 0,∞) is a √8/3-quantum cone. We
want to get an upper bound on the amount of quantum distance time that it takes
for the QLE(8/3, 0) process (Γr) starting from 0 to hit a point w ∈ C with |w| small.
There are two possibilities if (Γr) does not hit w in a given amount of quantum distance
time r. First, it could be that w is contained in the hull of Γr in which case we can use
the bound established in Section 5.1 just below for the quantum diameter of the hull of
Γr to get that the quantum distance of 0 and w is not too large. The second possibility
is that w is not contained in the hull of Γr in which case due to our lower bound on
the Euclidean hull diameter established in Section 4.1, we would get that the distance
of w to the hull of Γr is much smaller than the Euclidean diameter of Γr. This implies
that if we apply the unique conformal map which takes the unbounded component of
the complement of Γr to C \D which fixes and has positive derivative at ∞ then the
image of w will have modulus which is very close to 1. Therefore we need to get an
upper bound on the quantum distance of those points in a surface sampled from m1
parameterized by C \D which are close to ∂D. We accomplish this in Section 5.2.
We put all of our estimates together to complete the proof of Theorem 1.1 in Sec-
tion 5.3.1 using a Kolmogorov-C˘entsov type argument, except we subdivide our space
using a sequence of i.i.d. points chosen from the quantum measure rather than the
usual dyadic subdivision.
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We will prove Theorem 1.2 using a similar argument in Section 5.3.2 using the upper
bound on the Euclidean diameter of a QLE(8/3, 0) hull established in Section 4.2.
The estimates used to prove Theorem 1.1 and Theorem 1.2 will easily lead to the proofs
of Theorem 1.3 in Section 5.3.3 and Theorem 1.6 in Section 5.3.5.
5.1 Quantum diameter of QLE(8/3, 0) hull
We are now going to give an upper bound on the tail of the quantum diameter of a
QLE(8/3, 0) on a
√
8/3-quantum cone. In other words, we will bound the tail of the
amount of additional time it requires a QLE(8/3, 0) on a
√
8/3-quantum cone run for
a given amount of time to fill all of the components that it has separated from ∞. In
what follows, it will be necessary to truncate on the event HR,ζ from Proposition 3.4
in order to ensure that the tail decays to 0 sufficiently quickly.
Lemma 5.1. Suppose that (Γr) is a QLE(8/3, 0) process on a
√
8/3-quantum cone
(C, h, 0,∞) starting from 0 with the quantum distance parameterization. Let HR,ζ be
the event as in Proposition 3.4. Fix  > 0 and let d∗ be the supremum of the amount of
time that it takes (Γr) to fill all of the quantum disks which have been separated from
∞ by quantum distance time . For every β > 0 there exists α ∈ (0, 1) and c0 > 0 such
that
P[d∗ ≥ α, HR,ζ ] ≤ c0β. (5.1)
We note that on the event in (5.1) the quantum diameter of the hull of Γ is at most
2(+ α).
The main input into the proof of Lemma 5.1 is the following lemma which gives the tail
for the amount of time that it takes a QLE(8/3, 0) growth starting from the boundary
of a quantum disk to hit every point in the disk.
Lemma 5.2. Fix 0 < a <∞ and suppose that (D, h) is a unit boundary length quantum
disk conditioned to have quantum area at most a. Let d∗ be the amount of time that
it takes the QLE(8/3, 0) exploration starting from ∂D to hit every point in D. There
exists a constant c0 > 0 depending only on a such that
P[d∗ ≥ r] ≤ c0 exp(−32(1 + o(1))r4/3)
where the o(1) term tends to 0 as r →∞.
The QLE(8/3, 0) exploration from ∂D is defined because the conditional law of the
components cut off from ∞ by the QLE exploration are given by conditionally inde-
pendent quantum disks given their boundary length.
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Proof of Lemma 5.2. This is a consequence of [MS15a, Proposition 4.18] and the branch-
ing structure of QLE(8/3, 0). In particular, the evolution of the boundary length of a
QLE(8/3, 0) on a quantum disk is the same as for the evolution of the boundary length
of the metric growth from the boundary of a Brownian disk determined in [MS15a].
Therefore the amount of time required for a QLE(8/3, 0) starting from the boundary of
a quantum disk to fill the entire disk has the same law as the amount of time a metric
exploration from the boundary of a Brownian disk takes to fill the entire disk.
Proof of Lemma 5.1. Suppose that α, α′ ∈ (0, 1). We will adjust their values in the
proof. For each  > 0, we let τ (resp. σ) be the first r > 0 such that (Γr) cuts off a
bubble with quantum diameter (resp. area) at least α (resp. α
′
). Fix β > 0. We have
that
P[d∗ ≥ α, HR,ζ ] = P[τ ≤ , HR,ζ ]
≤ P[σ ≤ τ ≤ , HR,ζ ] + P[τ ≤ σ, HR,ζ ]
≤ P[σ ≤ , HR,ζ ] + P[τ ≤ σ].
If we let A be the quantum area separated by Γ from ∞, then the first term above
is bounded from above by P[A ≥ α′ , HR,ζ ]. Corollary 4.3 implies that we can make
α′ ∈ (0, 1) small enough so that this probability is at most c0β. The lemma thus
follows because Lemma 5.2 implies that by making α ∈ (0, 1) small enough, there
exists a constant c1 > 0 such that P[τ ≤ σ] ≤ c1β.
5.2 Euclidean disks are filled by QLE(8/3, 0) growth
We will now give an upper bound on the amount of quantum distance time that it
takes for the QLE(8/3, 0) hull growing in C+ from ∂C+ to fill a neighborhood of ∂C+
where the quantum surface has law m1. Similar to the setting of Lemma 5.2 considered
above, it makes sense to talk about the QLE(8/3, 0) hull growing from ∂C+ because
m1 gives the conditional law of the quantum surface parameterized by the unbounded
component when performing a QLE(8/3, 0) exploration of a
√
8/3-quantum cone, after
rescaling so that the boundary length is equal to 1. The main result is the following
proposition.
Proposition 5.3. Suppose that (C+, h) has law m1. For each β > 0 there exist con-
stants c0, α, ζ > 0 such that the following is true. Let Eα,ζ be the event that every
z ∈ C+ with Re(z) < α is contained in the QLE(8/3, 0) hull of radius ζ growing from
∂C+. Then P
[
Ecα,ζ
] ≤ c0β. Moreover, if we fix σ > 0 and let Aα,σ, be the event that
the quantum area of {z ∈ C+ : Re(z) < α} is at most σ, then (with α fixed) for each
β > 0 there exists ζ ∈ (0, 1) such that P[Ecα,ζ , Aα,σ,] ≤ c0β.
We begin by recording an elementary lemma which gives the Radon-Nikodym derivative
of the GFF with mixed boundary conditions when we change the boundary conditions
on the Dirichlet part.
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Figure 5.1: Illustration of the setup and the argument of Proposition 5.3, which
shows that Euclidean disks are filled by the QLE(8/3, 0) growth. Left: a QLE(8/3, 0)
process Γr starting from the origin of a
√
8/3-quantum cone run up to a given radius
r > 0. The dashed curve indicates the range of Γ at time r + ζ for ζ > 0 very small.
Middle: The map ψ is the unique conformal map from C \ Γr to C+ with ∞ sent to
+∞ and with positive derivative at ∞. The region bounded by the dashed curve is
the image under ψ of the corresponding region on the left. Right: The map ϕ is the
unique conformal map from the unbounded complementary component of the dashed
region to C+ with ϕ(z) − z → 0 as z → +∞. To prove the result (see Figure 5.2 for
an illustration), we show that by making ζ > 0 sufficiently small the event that for
every z with Re(z) ∈ [/2, ] we have that Re(ϕ(z)) < /4 occurs with overwhelming
probability. Iterating this implies there exists β > 0 such that, with overwhelming
probability, the QLE(8/3, 0) growing from ∂C+ absorbs all such z in time β.
Lemma 5.4. Suppose that D ⊆ C is a bounded Jordan domain and ∂D = ∂F ∪ ∂D
where ∂F, ∂D are non-empty, disjoint intervals. Let h1, h2 be GFFs on D with free
(resp. Dirichlet) boundary conditions on ∂F (resp. ∂D). Let U ⊆ D be open with positive
distance from ∂D and let g be the function which is harmonic in D with Neumann (resp.
Dirichlet) boundary conditions ∂F (resp. ∂D) where the Dirichlet boundary conditions
are given by those of h1 − h2. Let g˜ = gφ where φ ∈ C∞(D) with φ|U ≡ 1 and which
vanishes in a neighborhood of ∂D. The Radon-Nikodym derivative Z of the law of h1|U
with respect to the law of h2|U is given by
Z = E[exp((h2, g˜)∇ − ‖g˜‖2∇/2) |h2|U] . (5.2)
Proof. We first recall that if h is a GFF on a domain D ⊆ C and f ∈ H(D) then the
Radon-Nikodym derivative of the law of h+ f with respect to the law of h is given by
exp((h, f)∇ − ‖f‖2∇/2). (This is proved by using that the Radon-Nikodym derivative
of the law of a N(µ, 1) random variable with respect to the law of a N(0, 1) random
variable is given by exµ−µ
2/2.) We can extract from this the result as follows. By the
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zC+
Figure 5.2: (Continuation of Figure 5.1.) Shown on the left is a copy of the middle
part of Figure 5.1, scaled so that the law of the surface is given by m1. Suppose that
Re(z) ∈ [/2, ] and that ϕ is as in Figure 5.1. In order to show that Re(ϕ(z)) ≤ /4
with overwhelming probability, we place semi-disks of radius /(log −1)2 with equal
spacing /(log −1) along ∂C+. Shown on the right is an enlargement of one of the semi-
disks. The restriction of the field to each semi-disk is mutually absolutely continuous
with respect to the law of a quantum disk. By making such a comparison, we see
that if we pick a uniformly random point inside of the semi-disk and then grow the
QLE(8/3, 0) starting from that point until it hits the boundary, then there is a positive
chance that the QLE(8/3, 0) first exits in ∂C+ and does so in time at most σ. By
the metric property, the range of this QLE(8/3, 0) is then contained in the QLE(8/3, 0)
growing from ∂C+ for time σ. Since the behavior of the field in each of the semi-disks is
approximately independent, with overwhelming probability, there cannot be a collection
of consecutive semi-disks so that the event does not occur for any of them. In particular,
there must exist a semi-disk which close enough to z to show that Re(ϕ(z)−z) decreases
by a definite amount. Iterating this yields the desired bound.
definition of g˜, we have that (h2 + g˜)|U has the law of h1|U . Moreover, we have that the
Radon-Nikodym derivative of the law of h2 + g˜ with respect to the law of h2 is given
by
exp
(
(h2, g˜)∇ − ‖g˜‖2∇/2
)
.
From this, the result immediately follows.
Suppose that we are in the setting of Lemma 5.4 and that there exists a constant M > 0
such that
sup
z,w∈W
|g(z)− g(w)| ≤M
where W is a neighborhood of the support of φ. Then elementary regularity estimates
for harmonic functions yield that supz ‖φ(z)‖∇ ≤ c0M where the supremum is over the
support of φ and c0 is a constant depending on the support of φ. Thus for a constant
c1 > 0 (depending on the particular choice of φ) we have that
‖g˜‖2∇ ≤ c1M2 (5.3)
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Combining the bound (5.3) with (5.2) and using, for example, the Cauchy-Schwarz
inequality gives us a uniform lower bound on the probability of an event which depends
on h2|U in terms of the probability of the corresponding event computed using the law
of h1|U . We will make use of this fact shortly.
Lemma 5.5. Suppose that D ⊆ C is a bounded Jordan domain and ∂D = ∂F ∪ ∂D
where ∂F, ∂D are non-empty, disjoint intervals. There exists U ⊆ D open with positive
distance to ∂D, p > 0, and K <∞ such that the following is true. Suppose that h is a
GFF on D with free (resp. Dirichlet) boundary conditions on ∂F (resp. ∂D) where the
Dirichlet part differs from a given constant A by at most K. Pick z ∈ D uniformly
from the quantum measure. Then the QLE(8/3, 0) starting from z has chance at least
p of hitting ∂U first in ∂F before reaching quantum distance time eγ/4(A+K), γ =
√
8/3.
Proof. This follows by combining Lemma 5.4 and Lemma 2.1.
We will now argue that if we place small neighborhoods at evenly spaced points on
∂C+ then the law of the field sampled from m1 restricted to each such neighborhood is
approximately independent of the field restricted to the other neighborhoods, up to an
additive constant.
Lemma 5.6. Suppose that h has the law of a GFF on the annulus D = [0, 2pi]2 ⊆ C+
(so that the top and bottom of [0, 2pi]2 are identified) with free (resp. Dirichlet) boundary
conditions on the left (resp. right) side of ∂D = ∂F ∪ ∂D. Fix  > 0 very small and
let x1, . . . , xn be equally spaced points on ∂
F with spacing (log −1)−1. Let r = r =
(log −1)−2. For each k, let Uk = B(xk, r) ∩ C+ and let hk be the function which is
harmonic in C+ \∪j 6=kUj with boundary conditions given by those of h on ∪j 6=k∂Uj and
Neumann boundary conditions on ∂C+ \ ∪j 6=kUj. Let
∆k = sup
z,w∈Uk
|hk(z)− hk(w)|.
For each M > 0 there exist constants K, c0 > 0 such that if E = {maxk ∆k ≤ K} then
P[E] ≤ c0M .
Proof. By the odd/even decomposition of the GFF with mixed boundary conditions
(see [DS11, Section 6.2] or [She16, Section 3.2]), we can represent h as the even part
of a GFF h† on the annulus D† = [−2pi, 2pi] × [0, 2pi] ⊆ C (so that the top and the
bottom are identified) with Dirichlet boundary conditions. Fix a value of 1 ≤ k ≤ n.
The conditional law of h† in B(xk, r) given its values on B(xj, r) for j 6= k is given by
that of the sum of a GFF on D† \ ∪j 6=kB(xj, r) with zero boundary conditions and a
harmonic function h†k. By the odd/even decomposition, we note that
hk(z) =
1√
2
(h†k(z) + h
†
k(z
∗))
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where z∗ is the reflection of z about the vertical axis through 0. Proposition 2.4
implies that there exists a constant c0 > 0 such that the probability of the event
that |hk(z)| ≤ M log −1 for all z ∈ B(xk, r log −1) is at least 1 − c02M . Elementary
regularity results for harmonic functions then tell us that there exists a constant c1 > 0
such that, on this event, we have
sup
z,w∈B(xk,r)
|hk(z)− hk(w)| ≤ c1M log 
−1
r log −1
× r = c1M.
Applying a union bound over 1 ≤ k ≤ n implies the result.
We now combine Lemma 5.5 and Lemma 5.6 to argue that with high probability the
QLE(8/3, 0) hull grows from a “dense” set of points near ∂C+.
Lemma 5.7. Suppose that γ =
√
8/3, α ∈ (0, Q − 2), and let β = γ(Q − 2 − α)/4.
Suppose that we have the same setup as in Lemma 5.6 and fix 1 ≤ k ≤ n. There exist
p > 0 and M < ∞ such that the following is true. Assume that w is picked from the
quantum area measure in Uk. Given ∆k ≤ K, hk(xk) ≤ (2 + α) log −1, and hk, the
conditional probability that the QLE(8/3, 0) starting from w exits Uk in ∂C+ in at most
β quantum distance time is at least p.
Proof. We will deduce the result from Lemma 5.5. We note that if we perform a change
of coordinates from Uk to {z ∈ D : Re(z) ≥ 0} via the map z 7→ −1(log −1)2(z − xk)
then the correction to the field which comes from the change of coordinates is Q(log −
2 log log −1). By the definition of the event that we assume to be working on, we have
that
sup
z∈Uk
hk(z) ≤ (2 + α) log −1 +K.
The result thus follows as
γ
4
(
(2 + α) log −1 +Q log 
)
= β log .
We now prove a result which, when combined with Lemma 5.7, will give a lower bound
on the rate at which the distance of the metric ball growth from a given point decreases.
Lemma 5.8. There exists a constant c0 > 0 such that the following is true. Fix  > 0
and suppose that K ⊆ C+ is compact such that:
• C+ \K is simply connected and
• For every z ∈ C+ with Re(z) ∈ [ 2 , ] there exists w ∈ K with Re(w) ≥ (log −1)−2/2
and |z − w| ≤ .
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Let φK : C+ \K → C+ be the unique conformal map which fixes +∞ and has positive
derivative at +∞. For all z ∈ C+ \K with Re(z) ∈ [ 2 , ] we have that
Re(z)− Re(φK(z)) ≥ c0
(log −1)4
. (5.4)
Proof. Let Ew denote the expectation under the law where B is a standard Brownian
motion starting from w ∈ C+ and let σ be the first time that B leaves C+ \ K. As
Re(w) − Re(φK(w)) is harmonic in C+ \K and Re(φK(z)) → 0 as z ∈ C+ \K tends
to K ∪ ∂C+, we therefore have that Re(z) − Re(φK(z)) = Ez[Re(Bσ)]. From the
assumptions, we thus see that the probability of the event that Re(Bσ) ≥ (log −1)−2/4
is at least a constant times (log −1)−2 when B0 = z. Combining implies the result.
Proof of Proposition 5.3. Fix  > 0. Let U1, . . . , Un be as in Lemma 5.6 and Lemma 5.7.
Assume that γ =
√
8/3 and let α ∈ (0, Q−2), β = γ(Q−2−α)/4, p > 0, and M <∞
be as in Lemma 5.7. Let K be the hull of the QLE(8/3, 0) grown from ∂C+ for quantum
distance time β. Lemma 5.6 and Lemma 5.7 together imply that with probability at
least 1 − 2α for every z ∈ C+ with Re(z) ∈ [/2, ] there exists w ∈ K such that
Re(w) ≥ /(log −1)2 and |z −w| ≤ . Let φK be as in Lemma 5.8. Then we have that
Re(z)− Re(φK(z)) ≥ c0/(log −1)4.
If we iterate this procedure a constant times (log −1)4 times then we see that the
following is true. Suppose that K denotes the hull of the QLE(8/3, 0) grown from
∂C+ for quantum distance time given by a constant times (log −1)4β and let φK be as
above. Then on an event which occurs with probability at least 1− c1(log −1)42α for a
constant c1 > 0 we have for all z ∈ C+ with Re(z) ∈ [ 2 , ] that Re(z)−Re(φK(z)) ≥ 4 .
The first assertion of the proposition follows by iterating this over dyadic values of .
We now turn to prove the second assertion of the proposition (namely when we truncate
on the amount of quantum area which is close to ∂C+). The reason that we had
the exponent of α in the above is that we needed the field to have average at most
(2 + α) log −1 in each of the B(xj, r). Thus, we just need to argue that if we truncate
on the amount of quantum area close to ∂C+ being at most σ, then with very high
probability the field averages are not larger than (2+α) log −1 for some fixed value α ∈
(0, Q− 2). This, in turn, follows from [DS11, Lemma 4.6]. Indeed, [DS11, Lemma 4.6]
tells us that inside such a ball it is very unlikely for the field to assign mass smaller
than
γQ × −γ(2+α) = γ(Q−2−α)
and it is easy to see that we can make this exponent larger than σ > 0 provided we
make α sufficiently close to Q− 2.
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5.3 Proof of Ho¨lder continuity
5.3.1 Proof of Theorem 1.1
The first step (Proposition 5.9) in the proof of Theorem 1.1 is to combine the esti-
mates of the previous sections to bound the moments of the Euclidean diameter of a
QLE(8/3, 0) starting from 0 on a
√
8/3-quantum cone. The purpose of the subsequent
lemmas is to transfer this estimate to the setting in which the QLE(8/3, 0) is starting
from another point.
Proposition 5.9. Suppose that (C, h, 0,∞) is a √8/3-quantum cone with the circle
average embedding. For every β > 0 there exist constants c0, α > 0 such that the
following is true. With Y = supz∈B(0,) dQ(0, z) and HR,ζ as in Proposition 3.4 we have
that
P[Y ≥ α, HR,ζ ] ≤ c0β for all  ∈ (0, 1).
Proof. Fix β > 0. Let α, δ, ξ > 0 be parameters. We will adjust their values in the
proof. Let Γ be the hull of the QLE(8/3, 0) exploration starting from 0 and stopped at
the first time that it reaches quantum radius δ. Let E be the event that the quantum
diameter of the hull of Γ is smaller than α and let F be the event that B(0, ) ⊆ Γ.
Note that E ∩ F implies Y < α. Thus we have that
P[Y ≥ α, HR,ζ ] ≤ P[Ec ∩HR,ζ ] + P[F c ∩HR,ζ ] .
By Lemma 5.1 (and the comment just after the statement), we know that by making
α/δ > 0 small enough we have that P[Ec ∩HR,ζ ] ≤ c0β for a constant c0 > 0.
Thus, we are left to bound P[F c ∩HR,ζ ]. Let Γ˜ be the hull of the QLE(8/3, 0) process
grown for quantum distance time δ/2. We let G be the event that the Euclidean
diameter of Γ˜ is at least ξ. Then we have that
P[F c ∩HR,ζ ] ≤ P[F c ∩G ∩HR,ζ ] + P[Gc ∩HR,ζ ] . (5.5)
By adjusting the value of c0 > 0 if necessary and making δ > 0 small enough, Propo-
sition 4.1 implies that the second term in (5.5) is bounded by c0
β. To handle the
first term, we let ϕ : C \ Γ˜→ C+ be the unique conformal map with ϕ(∞) = +∞ and
ϕ′(∞) > 0. Since the diameter of Γ˜ on G is at least ξ, it follows from the Beurling esti-
mate that there exists a constant c1 > 0 such that on G we have supy∈B(0,) Re(ϕ(y)) ≤
c1
(1−ξ)/2. Thus by possibly decreasing the value of ξ > 0 and increasing the value of
c0 > 0, Proposition 5.3 implies that P[F
c ∩G ∩HR,ζ ] ≤ c0β.
We next show that QLE(8/3, 0) defines a metric on a countable, dense subset of a√
8/3-quantum cone.
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Lemma 5.10. Let η′ be a space-filling SLE on a
√
8/3-quantum cone (C, h, 0,∞)
from ∞ to ∞ parameterized by quantum area. Then QLE(8/3, 0) defines a metric dQ
on {η′(t) : t ∈ Q}.
Proof. Throughout the proof, we will write dQ(s, t) for dQ(η′(s), η′(t)). First, we note
that Proposition 5.9 implies that dQ(s, t) < ∞ a.s. for any fixed s, t ∈ R. Fix s ∈ R
and suppose that we have recentered the quantum cone so that η′(t) = 0 and then we
rescale so that we have the circle average embedding. By [DMS14, Theorem 1.13], the
resulting field has the same law as h. Then Proposition 4.2 implies that the diameter
of the QLE(8/3, 0) running from η′(t) = 0 stopped at the first time that it hits η′(s)
is finite a.s. and that the same is true when we swap the roles of η′(s) and η′(t). Fix
R > 0. As the restriction of h to B(0, R) is mutually absolutely continuous with respect
to the corresponding restriction of a quantum sphere with large area, by fixing R > 0
sufficiently large it follows from the main result of [MS15b] that dQ(s, t) = dQ(t, s).
Applying the same argument but with three points implies that the triangle inequality
is satisfied.
Lemma 5.11. For each p ∈ (0, 1) there exists s1, s2 ∈ R with s1 < s2, z0 ∈ D \
{0}, and r1 > 0 with B(z0, r1) ⊆ D \ {0} such that the following is true. Suppose
that (C, h, 0,∞) is a √8/3-quantum cone with the circle average embedding and let
η′ be a space-filling SLE6 process from ∞ to ∞ sampled independently of h and then
reparameterized according to
√
8/3-LQG area. Then with
E(z0, r1, s1, s2) = {B(z0, r1) ⊆ η′([s1, s2]) ⊆ D} (5.6)
we have that P[E(z0, r1, s1, s2)] ≥ p.
Proof. First, we consider the ball B(1
2
, 1
4
). Fix p > 0. Then we know that there
exists R0 > 0 such that for all R ≥ R0 we have that η′([−R2, R2]) (with the Lebesgue
measure parameterization) contains B(1
2
, 1
4
) with probability at least p. Fix  > 0. By
rescaling space by the factor /R, we have that the probability that η′([−2, 2]) (with
the Lebesgue measure parameterization) contains B( 
2R
, 
4R
) is at least p. The result
follows because by making  > 0 sufficiently small, we can find δ > 0 such that η′([−δ, δ])
(with the quantum area parameterization) is contained in D and contains η′([−2, 2])
(with the Lebesgue measure parameterization) with probability at least p.
Lemma 5.12. Suppose that (C, h, 0,∞) is a √8/3-quantum cone with the circle aver-
age embedding. Let η′ be a space-filling SLE6 from ∞ to ∞ sampled independently of h
and then reparameterized by
√
8/3-LQG area. For each t ∈ R and r > 0, let h˜t,r be the
field which is obtained by translating so that η′(t) is sent to the origin and then rescaling
by the factor r. Fix 0 < s1 < s2. For each t ∈ [s1, s2], let R(t) be such that h˜t,R(t) has
the circle average embedding. Fix r1 > 0 and z0 ∈ D so that B(z0, r1) ⊆ D \ {0} and
let E(z0, r1, s1, s2) be as in (5.6). There exist constants c0, c1 > 0 such that for each
d ∈ (0, 1) with
F (z0, r1, s1, s2, d) =
{∀t ∈ [s1, s2] : η′(t) ∈ B(z0, r1), R(t) ∈ [d, d−1]} (5.7)
57
we have
P[F (z0, r1, s1, s2, d)
c ∩ E(z0, r1, s1, s2)] ≤ c0dc1 . (5.8)
Proof. We note that R(t) < r is equivalent to infs≥r(hs(η′(t)) +Q log s) > 0. Therefore
the event that R(t) < r for some t ∈ [s1, s2] so that η′(t) ∈ B(z0, r1) is equivalent to
sup
t∈[s1,s2]
η′(t)∈B(z0,r1)
(
inf
s≥r
(
hs(η
′(t)) +Q log s
))
> 0.
This event is turn contained in supz∈B(z0,r1)(hr(z) + Q log r) > 0. Using that Q > 2,
Proposition 2.4 implies that there exist constants c0, c1 > 0 such that
P
[
sup
z∈B(z0,r1)
(
hr(z) +Q log r
)
> 0
]
≤ c0rc1 (5.9)
for all r ∈ (0, dist(B(z0, r1), ∂D)). (Note that we can apply Proposition 2.4 here be-
cause, by our normalization, the law of h restricted to D is equal to that of a whole-
plane GFF plus −γ log |z| normalized to have average equal to 0 on ∂D.) This implies
the desired upper bound for the probability that R(t) < d for some t ∈ [s1, s2] with
η′(t) ∈ B(z0, r1).
The desired upper bound for the probability that R(t) > d−1 for some t ∈ [s1, s2] with
η′(t) ∈ B(z0, r1) follows because hs(0)+Q log s > 0 for all s ≥ 1 because h has the circle
average embedding. In fact, since hs(0) +Q log s for s ≥ 1 evolves as a time-change of
a Brownian motion with positive drift (Q− γ) > 0 conditioned to be non-negative, the
probability that infs≥r(hs(0) +Q log s) ≤ 1 decays to 0 faster than a negative power of
r as r → ∞. It therefore suffices to show that sups≥r supz∈B(z0,r1) |hs(0) − hs(z)| ≥ 1
decays to 0 faster than a negative power of r as r → ∞. This, in turn, follows from
Lemma 2.7.
Lemma 5.13. Suppose that (C, h, 0,∞) is a √8/3-quantum cone with the circle av-
erage embedding. Let E(z0, r1, s1, s2) be as in (5.6). Let (wj) be an i.i.d. sequence of
points picked from µ = µh restricted to η
′([s1, s2]) and let N = δ(log −1)−γQ−(2+δ)γ
where γ =
√
8/3. Let G be the event that {w1, . . . , wN} ∩ B(z0, r1) forms an -net of
B(z0, r1). There exists a constant c0 > 0 which depends on z0, r1 such that
P[Gc ∩ E(z0, r1, s1, s2)] ≤ c0δ.
Proof. Let z1, . . . , zk be the elements of

4
Z2 which are contained in B(z0, r1). Propo-
sition 2.4 implies that for each ξ ∈ (0, 1) there exists a constant c0 > 0 such that
P
[
min
1≤j≤k
h(zj) ≤ (2 + δ) log 
]
≤ c02δ(1−ξ). (5.10)
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Combining [DS11, Lemma 4.6] with (5.10), we have by possibly adjusting the values of
c0 > 0 and ξ that
P
[
min
1≤j≤k
µh(B(zj, )) ≤ γQ+(2+δ)γ
]
≤ c02δ(1−ξ). (5.11)
On the complement of the event in (5.11), the probability that none of w1, . . . , wN are
contained in B(zj, ) is at most
(1− γQ+(2+δ)γ)N ≤ exp(−NγQ+(2+δ)γ) ≤ δ.
Combining this with (5.11) implies the result.
We will now use Proposition 5.9 and Lemmas 5.11–5.13 to prove that dQ is Ho¨lder
continuous with positive probability on B(z0, r1). We will afterwards explain how to
deduce from this the almost sure local Ho¨lder continuity of dQ on all of C, thus finishing
the proof of Theorem 1.1.
Lemma 5.14. Suppose that (C, h, 0,∞) is a √8/3-quantum cone with the circle av-
erage embedding. On the events E(z0, r1, s1, s2), F (z0, r1, s1, s2, d) from (5.6), (5.7),
we have that the quantum distance dQ restricted to pairs of points in B(z0, r1) is a.s.
Ho¨lder continuous.
Proof. Throughout, we shall assume that we are working on the event HR,ζ of Propo-
sition 3.4 and we will prove the almost sure Ho¨lder continuity of this event. We note
that it suffices to do so since Proposition 3.4 implies that P[HR,ζ ]→ 1 as R→ 0 with
ζ fixed.
For each j, we let Nj = e
9j (note that 9 > (Q + 3)γ for γ =
√
8/3) and we pick
Uj = {wj1, . . . , wjNj} i.i.d. from the
√
8/3-LQG area measure restricted to η′([s1, s2]).
Equivalently, we can first pick tj1, . . . , t
j
Nj
i.i.d. from [s1, s2] uniformly using Lebesgue
measure and then take wji = η
′(tji ). We assume that the Uj are also independent as j
varies. By Lemma 5.13, the probability of the event Ej that Uj forms an e−j-net of
B(z0, r1) is at least 1− c0e−j where c0 > 0 is a constant.
By [DMS14, Theorem 1.13], we have that the joint law of (C, h, 0,∞) and η′ is invariant
under the operation of translating so that η′(tji ) is sent to the origin and then rescaling
so that the resulting surface has the circle average embedding. Let hi,j be the resulting
field. Proposition 5.9 implies that for each β > 0 we can find α > 0 such that for each
i, j, the probability that the quantum diameter of B(0, e−j) as measured using the field
hi,j is larger than e−αj is at most c1e−βj where c1 > 0 is a constant. Thus on the event
Ej, this implies that the probability that the quantum diameter of B(w
j
i , e
−j) is larger
than e−αj is at most c2e−βj for a constant c2 > 0. Therefore by a union bound, the
probability that the quantum diameter of any of the B(wji , e
−j) is larger than e−αj is at
most c1e
(9−β)j. Assume that β > 9. Thus by the Borel-Cantelli lemma, it follows that
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there a.s. exists J0 < ∞ (random) such that j ≥ J0 implies that Uj is an e−j-net of
B(z0, r1) and the maximal quantum diameter of B(w
j
i , e
−j) is e−αj for all 1 ≤ i ≤ Nj.
Let U = ∪jUj. We will now extract the Ho¨lder continuity of (z, w) 7→ dQ(z, w) for
z, w ∈ U˜ = U ∩ B(z0, r1). Assume that z, w, z′, w′ ∈ U˜ and assume that dQ(z, w) ≥
dQ(z′, w′). By repeated applications of the triangle inequality, we have that
dQ(z, w)− dQ(z′, w′) ≤ dQ(z, z′) + dQ(z′, w)− dQ(z′, w′)
≤ dQ(z, z′) + dQ(z′, w′) + dQ(w′, w)− dQ(z′, w′)
= dQ(z, z′) + dQ(w,w′). (5.12)
Consequently, it suffices to show that there exist constantsM,a > 0 such that dQ(z, w) ≤
M |z−w|a for all z, w ∈ U˜ . It in fact suffices to show that this is the case for all z, w ∈ U˜
with |z − w| ≤ e−J0 and J0 as above. Indeed, if this is the case and z, w ∈ U˜ are such
that |z − w| > e−J0 then we can find z0 = z, z1, . . . , zn−1, zn = w ∈ U˜ with n ≤ eJ0 and
then we can use the triangle inequality to get that
dQ(z, w) ≤
n∑
j=1
dQ(zj−1, zj) ≤Mne−aJ0 ≤MeJ0 |z − w|α.
Fix z, w ∈ U˜ with |z − w| ≤ e−J0 and take j0 ∈ N so that e−j0−1 ≤ |z − w| ≤ e−j0 .
Then we can find u0 = v0 in Uj0 such that |u0 − w| ≤ e−j0 and |v0 − z| ≤ e−j0 . This
implies that dQ(u0, w) ≤ e−αj0 and dQ(v0, z) ≤ e−αj0 . For each j ≥ j0 + 1, we can
inductively find uj−j0 , vj−j0 ∈ Uj with |uj−j0 − uj−j0−1| ≤ e−j, |vj−j0 − vj−j0−1| ≤ e−j,
hence dQ(uj−j0 , uj−j0−1) ≤ e−αj and dQ(vj−j0 , vj−j0−1) ≤ e−αj. Therefore we have that
dQ(z, w) ≤ dQ(u0, w) + dQ(v0, z) +
∞∑
i=1
dQ(ui, ui−1) +
∞∑
i=1
dQ(vi, vi−1)
≤M0
∞∑
i=0
e−α(i+j0) ≤M1e−αj0 ≤M2|z − w|α
where M0,M1,M2 > 0 are constants. Therefore (z, w) 7→ dQ(z, w) is a.s. Ho¨lder con-
tinuous on U˜ . Since the set U˜ is a.s. dense in B(z0, r1), it follows that dQ a.s. extends
to be Ho¨lder continuous in (z, w) for z, w ∈ B(z0, r1).
Proof of Theorem 1.1. By Lemma 5.14, we know that on the events E(z0, r1, s1, s2) and
F (z0, r1, s1, s2, d) we have the almost sure Ho¨lder continuity of dQ restricted to pairs
z, w ∈ B(z0, r1). Fix t ∈ (s1, s2). Since translating by −η′(t) and then rescaling so that
the surface has the circle average embedding is a measure preserving transformation,
it follows that the probability that dQ is Ho¨lder continuous in a neighborhood of the
origin is at least the probability p of E(z0, r1, s1, s2) and F (z0, r1, s1, s2, d). Since the
law of (C, h, 0,∞) is invariant under the operation of multiplying its area by a constant,
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we have that the probability that dQ is Ho¨lder continuous in any compact subset of C
is also at least p. The almost sure continuity of the QLE(8/3, 0) metric on a
√
8/3-
quantum cone restricted to compact subsets of C follows because by Lemma 5.11 and
Lemma 5.12 we know that by adjusting the values of z0, r1, s1, s2, d, we can make p as
close to 1 as we want. The result in the case of a
√
8/3-quantum sphere follows by
absolute continuity.
5.3.2 Proof of Theorem 1.2
We let E(z0, r1, s1, s2) be as in (5.6) and let F (z0, r1, s1, s2, d) be as (5.7). As in the
proof of Lemma 5.14, we shall assume throughout that we are working on the event
HR,ζ of Proposition 3.4. For each j, we let Nj = e
9j and we pick Uj = {wj1, . . . , wjNj}
i.i.d. from the
√
8/3-LQG measure restricted to η′([s1, s2]). Equivalently, we can first
pick tj1, . . . , t
j
Nj
i.i.d. from [s1, s2] uniformly and then take w
j
i = η
′(tji ). We assume that
the Uj are also independent as j varies. By the proof of Lemma 5.14, we know that
the probability that every point in B(z0, r1) is within quantum distance at most e
−αj
of some point in Uj is at least 1 − c0e−βj for constants α, β, c0 > 0. Moreover, by we
can make β > 0 as large as we want by possibly decreasing the value of α > 0. It
follows from Proposition 4.2 the probability that the Euclidean diameter BQ(w
j
i , e
−αj)
is larger than e−α˜j is at most c1e−β˜j for constants α˜, β˜, c1 > 0. Moreover, we are free
to choose β˜ as large as we want. In particular, by taking β, β˜ > 9 so that∑
j
Nj · e−βj <∞ and
∑
j
Nj · e−β˜j <∞,
it follows from the Borel-Cantelli lemma that there a.s. exists J0 < ∞ (random) such
that j ≥ J0 implies that every point in B(z0, r1) is contained in BQ(wji , e−αj) for some
j and the Euclidean diameter of BQ(w
j
i , e
−αj) is smaller than e−α˜j.
As explained in (5.12) in the proof of Lemma 5.14, it suffices to show that there exist
constants M,a > 0 such that |z−w| ≤M(dQ(z, w))a for all z, w ∈ B(z0, r1). In fact, it
suffices to show that this is the case for all z, w ∈ B(z0, r1) such that dQ(z, w) ≤ e−αJ0 .
So, suppose that z, w ∈ B(z0, r1) are such that dQ(z, w) ≤ e−αJ0 and let j0 ∈ N be
such that e−α(j0+1) ≤ dQ(z, w) ≤ e−αj0 . Then we can find w0 = v0 ∈ Uj0 such that
dQ(u0, w) ≤ e−αj0 and dQ(v0, z) ≤ e−αj0 . This implies that |u0 − w| ≤ e−α˜j0 and
|v0 − z| ≤ e−α˜j0 . For each j ≥ j0 + 1, we can inductively find uj−j0 , vj−j0 ∈ Uj with
dQ(uj−j0 , uj−j0−1) ≤ e−αj, dQ(vj−j0 , vj−j0−1) ≤ e−αj hence |uj−j0 − uj−j0−1| ≤ e−α˜j and
|vj−j0 − vj−j0−1| ≤ e−α˜j. We therefore have that
|z − w| ≤ |z − v0|+ |w − w0|+
∞∑
i=1
|vi − vi−1|+
∞∑
i=1
|wi − wi−1|
≤M0
∞∑
i=1
e−(i+j0)α˜ ≤M1e−α˜j0 ≤M2dQ(z, w)α/α˜
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where M0,M1,M2 are constants. Therefore (z, w) 7→ |z−w| is Ho¨lder continuous with
respect to the metric defined by dQ on B(z0, r1) on the event F (z0, r1, s1, s2, d). The
argument explained in the proof of Theorem 1.1 then implies that (z, w) 7→ |z−w| is a.s.
Ho¨lder continuous with respect to dQ when restricted to a compact subset of C. The
continuity in the case of a
√
8/3-quantum sphere follows by absolute continuity.
5.3.3 Existence and continuity of geodesics: proof of Theorem 1.3
We now show that the metric space that we have constructed is a.s. geodesic. We will
then show (Proposition 5.18) that geodesics between quantum typical points are a.s.
unique and (Proposition 5.19) that there is a.s. a unique geodesic from a typical point
on the boundary of a metric ball to its center (assuming this center is also a “typical”
point).
Proposition 5.15. Suppose that S is a √8/3-LQG sphere and let dQ be the corre-
sponding QLE(8/3, 0) metric. Then (S, dQ) is a.s. geodesic.
Proposition 5.15 is a consequence of the following two general observations about com-
pact metric spaces and the proof of the metric property given in [MS15b]. In this
section, we will use the notation (X, d) for a metric space, (X, d, µ) for a metric mea-
sure space, and let B(x, r) = {y ∈ X : d(x, y) < r} be the open ball of radius r centered
at x in X.
Lemma 5.16. Suppose that (X, d) is a compact metric space. Then (X, d) is geodesic
if and only if for all x, y ∈ X there exists z ∈ X such that d(x, z) = d(z, y) = d(x, y)/2.
Proof. Suppose that (X, d) is geodesic and x, y ∈ X. Then there exists a geodesic
η : [0, d(x, y)]→ X connecting x and y and z = η(d(x, y)/2) satisfies d(x, z) = d(y, z) =
d(x, y)/2.
Conversely, we suppose that for all x, y ∈ X there exists z ∈ X with d(x, z) = d(y, z) =
d(x, y)/2. Fix x, y ∈ X. We iteratively define a function η on the dyadic rationals in
[0, 1] as follows. We first pick z so that d(x, z) = d(z, y) = d(x, y)/2 and set η(1/2) = z.
By iterating this construction in the obvious way, we have that η satisfies
|η(rd(x, y))− η(sd(x, y))| = d(x, y)|r − s|.
Hence it is easy to see that η extends to a continuous map [0, 1] → X which (after
reparameterizing time by the constant factor d(x, y)) is a geodesic connecting x and y.
Lemma 5.17. Suppose that (X, d, µ) is a good-measure endowed compact metric space
(recall the definition from Section 1.4.5). Then (X, d) is geodesic if and only if the
following property is true. Suppose that x, y are chosen from µ and U ∈ [0, 1] uniformly
with x, y, U independent. With r = Ud(x, y) and r = d(x, y) − r there a.s. exists
z ∈ ∂B(x, r) ∩ ∂B(y, r) such that d(x, z) + d(z, y) = d(x, y).
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Proof. It is clear that if X is geodesic then the property in the lemma statement holds
because we can take z to be a point along a geodesic from x to y in ∂B(x, r)∩∂B(y, r).
Suppose that the property in the lemma statement holds. We will show that (X, d)
is geodesic by verifying the condition from Lemma 5.16. Suppose that (xn), (yn) are
independent i.i.d. sequences chosen from µ, that (Un) is an i.i.d. sequence of uniform
random variables in [0, 1] which are independent of (xn), (yn), and rn = d(xn, yn) and
rn = d(xn, yn)− rn. The following is then a.s. true for all x, y ∈ X distinct and k ∈ N.
Then there exists nk such that d(xnk , x) < 1/k, d(ynk , y) < 1/k, and |Unk − 1/2| < 1/k.
Let znk ∈ ∂B(xnk , r) ∩ ∂B(ynk , r) be such that d(xnk , znk) + d(znk , ynk) = d(xnk , ynk).
Let (z˜m) be a convergent subsequence of znk and let z = limm z˜m. By the continuity of
d, we have that d(x, z) + d(z, y) = d(x, y) and d(x, z) = d(y, z) = d(x, z)/2.
Proof of Proposition 5.15. This follows by combining Lemma 5.16 and Lemma 5.17
and the construction of dQ given in [MS15b].
Proof of Theorem 1.3. The first part of the theorem follows from Proposition 5.15.
The second part of the theorem follows because a geodesic on a
√
8/3-LQG sphere is
1-Lipschitz with respect to the QLE(8/3, 0) metric, so the result follows by combining
with Theorem 1.1 and Theorem 1.2.
Proposition 5.18. Suppose that S is a √8/3-LQG sphere and that dQ is the associated
QLE(8/3, 0) metric. Assume that x, y ∈ S are picked uniformly from the quantum
measure. Then there a.s. exists a unique geodesic connecting x and y.
Proof. Proposition 5.15 implies that there exists at least one geodesic η connecting
x and y. Suppose that η is another geodesic. By [MS15b, Lemma 7.6], if we let
r = Ud(x, y) where U is uniform in [0, 1] independently of everything else and r =
d(x, y) − r then ∂B(x, r) ∩ ∂B(y, r) a.s. intersect at a unique point. This implies
that η(Ud(x, y)) = η(Ud(x, y)) which, in turn, implies that on a set of full Lebesgue
measure in [0, d(x, y)] we have that η(t) = η(t). Therefore γ = γ by the continuity of
the paths.
Proposition 5.19. Suppose that S is a √8/3-LQG sphere, let dQ be the associated
QLE(8/3, 0) metric, and assume that x, y ∈ S are chosen independently from the quan-
tum measure. Fix r > 0 and assume that we are working on the event that dQ(x, y) > r.
Suppose that z is chosen uniformly from the quantum boundary measure on the bound-
ary of the filled metric ball centered at x of radius r. Then there is a.s. a unique geodesic
from z to x. The same holds if we replace r with dQ(x, y)− r.
Proof. This result is a consequence of Proposition 5.18 because we can sample from
the law of z by growing a metric ball from y and taking z to be the unique intersection
point of this ball with the filled metric ball starting from x.
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5.3.4 The internal metric
We next turn to construct the internal metric d
U
Q associated with the restriction of dQ
to a domain U . The almost sure finiteness of d
U
Q will rely on Theorems 1.1–1.3.
Proposition 5.20. Suppose that (C, h, 0,∞) is a √8/3-quantum cone and that U ⊆ C
is a domain. For each x, y ∈ U we let Ux,y be the set of paths in U which connect x, y
and, for η ∈ Ux,y, we let `Q(η) be the dQ-length of η. We let
d
U
Q(x, y) = inf
η∈Ux,y
`Q(η) for x, y ∈ U.
Then d
U
Q defines a metric on U . The same holds with a
√
8/3-LQG sphere in place of
the
√
8/3-quantum cone.
Proof. To show that d
U
Q a.s. defines a metric, we need to show that it is a.s. the case
that for all x, y ∈ U there exists η ∈ Ux,y with `Q(η) < ∞. We may assume without
loss of generality that U is bounded. We fix c, β, r0 > 0 so that BQ(x, r) contains
B(x, crβ) for all x ∈ U and r ∈ (0, r0). Such c, β, r0 exist by Theorem 1.2. Suppose
that x, y ∈ U . We then pick points x0 = x, x1, . . . , xk−1, xk = y and radii r0, . . . , rk
such that BQ(x, rj) ⊆ U for all 0 ≤ j ≤ k and B(xj, crβj ) ∩ B(xj+1, crβj+1) 6= ∅ for all
0 ≤ j ≤ k − 1. For each 0 ≤ j ≤ k − 1, we let yj ∈ B(xj, crβj ) ∩ B(xj+1, crβj+1). Then
there exists dQ-geodesics connecting xj to yj and yj to xj+1, which are respectively
contained in BQ(xj, rj) and BQ(xj+1, rj+1) hence also in U . Concatenating these paths
yields an element of Ux,y with dQ-length at most
r0 + 2(r1 + · · ·+ rk−1) + rk <∞,
as desired.
5.3.5 Proof of Theorem 1.6
We assume for simplicity that (C, h, 0,∞) is a √8/3-quantum cone with the circle
average embedding. Theorem 1.1 and Theorem 1.2 together imply that BQ(0, 1) has
Euclidean diameter which is finite and positive, so that the quantum area of the smallest
Euclidean ball B containing BQ(0, 1) is finite and positive. If we add C = 4γ−1 log 
to h, γ =
√
8/3, then the radius of our quantum ball becomes  and the quantum
area of the smallest Euclidean ball centered at 0 which contains it is of order 4. To
finish the proof, we just need to calculate the typical radius of the Euclidean ball
centered at 0 with quantum area of order 4. By [DS11, Lemma 4.6], we have that the
conditional expectation of the amount of quantum mass in B(0, r) given hr(0) is equal
to eγhr(0)+(2+γ
2/2) log r. Since he−t(0) evolves as a standard Brownian motion plus the
linear drift γt in t, the typical value of hr(0) is of order
√
log r−1 + γ log r−1. Therefore
64
the dominant term in the exponent of the aforementioned conditional expectation is
equal to (2 − γ2/2) log r = (2/3) log r. Taking r = α for some α > 0, we see that
the typical amount of quantum mass in B(0, α) is given by (2α/3)(1+o(1)) as  → 0.
Equating 2α/3 to 4 yields that α = 6. The result follows because the local behavior of
quantum sphere, disk, or quantum cone in a bounded open set near a quantum typical
point looks like the behavior of h near 0.
6 Distance to tip of SLE6 on a
√
8/3-quantum wedge
0
η′
η′(δ)
0
η′
η′(δ)
0x
Figure 6.1: Left: A
√
8/3-quantum wedge parameterized by H decorated with an
independent chordal SLE6 process η
′ from 0 to ∞ stopped at δ units of quantum
natural time. Middle: Same as the left together with a dQ-shortest path from 0 to
η′(δ), indicated in blue. In Proposition 6.1, we show that the length of this path has
a finite pth moment for some p > 1. Right: A
√
8/3-quantum wedge together with
the shortest path connecting 0 to the point x < 0 with the property that the quantum
length of [x, 0] is equal to δ. In Proposition 6.2, we show that the length of the blue
path also has a finite pth moment for some p > 1. These moment bounds will be
important in the arguments of Section 8.
The main purpose of this section is to prove the following two propositions, which will
be used in Section 8 to show that the metric net between two quantum typical points
in a
√
8/3-LQG sphere has the law of the 3/2-Le´vy net. The first (Proposition 6.1)
bounds the moments of the distance in a
√
8/3-quantum wedge between the origin and
the tip of an independent SLE6 run for δ units of quantum natural time and the second
(Proposition 6.2) bounds the moments of the distance between the origin and a point
which is δ units of quantum length along the boundary from the origin in a
√
8/3-
quantum wedge. Throughout, we will use the spaces H1(X ) and H2(X ) introduced in
Section 2.1.
Proposition 6.1. Suppose that (S , h,−∞,+∞) is a √8/3-quantum wedge and let η′
be an independent SLE6 process from −∞ to +∞ with the quantum natural time pa-
rameterization. There exists p0 > 1 such that for all p ∈ (0, p0) there exists a con-
stant cp > 0 such that the following is true. Let Dδ be the quantum distance between
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−∞ and η′(δ) (with respect to the internal QLE(8/3, 0) metric associated with h). Then
we have that
E[Dpδ ] = cpδ
p/3. (6.1)
For each α > 0, let uα,δ be where the projection of h onto H1(S ) first hits α log δ, let
Fα,δ = {supt∈[0,δ] Re(η′(t)) ≤ uα,δ − 1} and let Dα,δ be the quantum distance between
−∞ and η′(δ) with respect to the internal QLE(8/3, 0) metric associated with S−+uα,δ.
For each p ∈ (0, p0) there exists α > 0 and a constant cp > 0 such that
E[Dpα,δ1Fα,δ ] ≤ cpδp/3 (6.2)
Finally, there exists α0 > 0 such that for all α ∈ (0, α0) and each k > 0 there exists a
constant ck > 0 such that
P[F cα,δ] ≤ ckδk. (6.3)
As we will see in the proof of Proposition 6.1, the exponent p/3 in (6.1) arises because
adding a constant C to h has the effect of scaling the amount of quantum natural time
elapsed by η′ by the factor e3γC/4, γ =
√
8/3, [MS15c, Section 6.2] and the quantum
distance by the factor eγC/4 (Lemma 2.2). In particular, the quantum distance behaves
like the quantum natural time to the power 1/3.
Proposition 6.2. Suppose that (S , h,−∞,+∞) is a √8/3-quantum wedge. There
exists p0 > 1 such that for all p ∈ (0, p0) there exists a constant cp > 0 such that the
following is true. For each δ > 0 we let xδ = inf{x ∈ R : νh([0, x]) ≥ δ} and let Dδ
be the quantum distance between −∞ and xδ (with respect to the internal QLE(8/3, 0)
metric associated with h). Then we have that
E[Dpδ ] = cpδ
p/2. (6.4)
For each α > 0, let uα,δ be where the projection of h onto H1(S ) first hits α log δ, let
Fα,δ = {xδ ≤ uα,δ − 1}, and let Dα,δ be the quantum distance between −∞ and xδ with
respect to the internal metric associated with S− + uα,δ. For each p ∈ (0, p0) there
exists α > 0 and a constant cα,p > 0 such that
E[Dpα,δ] ≤ cα,pδp/2. (6.5)
Finally, there exists α0 > 0 such that for all α ∈ (0, α0) and each k > 0 there exists a
constant ck > 0 such that
P[Fα,δ] ≤ ckδk. (6.6)
As we will see in the proof of Proposition 6.2, the exponent p/2 in (6.4) arises because
adding a constant C to h has the effect of scaling quantum length by the factor eγC/2,
γ =
√
8/3, and the quantum distance by the factor eγC/4 (Lemma 2.2). In particular,
the quantum distance behaves like the quantum length to the power 1/2.
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We note that (6.2), (6.3) of Proposition 6.1 and (6.5), (6.6) of Proposition 6.2 also hold
in the setting of a quantum disk (S , h) sampled from MBES provided we condition
on the event that the projection of h onto H1(S ) exceeds α log δ. Indeed, this follows
because in this case the law of h restricted to the part ofS up until where the projection
of h ontoH1(S ) first hits α log δ is the same as the corresponding restriction of a
√
8/3-
quantum wedge. In fact, we will be applying these results in the setting of a quantum
surface whose law is closely related to that of a quantum disk below. As we will see,
however, it will be more convenient to establish the above estimates in the setting of
a quantum wedge because the of the exact scaling properties that a quantum wedge
possesses.
We will break the proof of Proposition 6.1 into two steps. The first step (carried out
in Section 6.1) is to establish (6.3). The second step (carried out in Section 6.2) is to
establish a moment bound between deterministic points in S−. As we will see upon
completing the proof of Proposition 6.1, the proof of Proposition 6.2 will follow from the
same set of estimates used to prove Proposition 6.1 (though in this case the argument
turns out to be simpler).
6.1 Size of path with quantum natural time parameterization
The purpose of this section is to bound the size of an SLE6 path drawn on top of an
independent
√
8/3-quantum wedge equipped with the quantum natural time parame-
terization.
Proposition 6.3. Suppose that (S , h,−∞,+∞) has the law of a √8/3-quantum
wedge. Let η′ be an SLE6 from −∞ to +∞ which is sampled independently of h and
then parameterized according to quantum natural time. Let uα,δ be where the projection
of h onto H1(S ) first hits α log δ. There exists α0 > 0 such that for all α ∈ (0, α0) and
each k > 0 there exists a constant ck > 0 such that
P
[
sup
t∈[0,δ]
Re(η′(t)) ≥ uα,δ
]
≤ ckδk.
That is, (6.3) from Proposition 6.1 holds.
We will prove Proposition 6.3 by first bounding in Lemma 6.4 the number of quantum
disks cut out by η′|[0,δ] with large quantum area (a small, positive power of delta) and
then argue in Lemma 6.5 and Lemma 6.6 that if we run η′ until it first hits the line
Re(z) = uα,δ for α > 0 small then it is very likely to cut out a large number of quantum
disks with large quantum area.
Lemma 6.4. Suppose that we have the same setup as in Proposition 6.3. There exist
α, β > 0 such that for each n ∈ N there exists a constant cn > 0 such that the following
is true. The probability that η′|[0,δ] separates from +∞ at least n quantum disks with
quantum area at least δα is at most cnδ
βn.
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Proof. Fix k ∈ N. We will prove the result by giving an upper bound on the probability
that η′|[0,δ] cuts out at least k quantum disks with boundary length in three different
regimes and then we will sum over all possibilities so that at least n quantum disks
with quantum area at least δα are cut out by η′|[0,δ].
Recall that for each j ∈ Z the number Nj of quantum disks cut out by η′|[0,δ] with
quantum boundary length in (e−j−1, e−j] is distributed as a Poisson random variable
with mean λj which is given by a constant times δe
3/2j and that the Nj are independent.
Moreover, recall from Lemma 3.3 that the expected quantum area in such a disk is given
by a constant times e−2j (i.e., a constant times the square of its boundary length).
Therefore the probability that a given such disk has quantum area at least δα is, by
Markov’s inequality, at most a constant times e−2jδ−α. By Lemma 2.9, there exists a
constant c0 > 0 such that
P[Nj ≥ 2λj] ≤ exp(−c0δe3/2j). (6.7)
The upper bound in (6.7) is negligible compared to any power of δ as δ → 0 provided
we have for some  > 0 fixed that j ≥ `0 = 23(1 + ) log δ−1. Let Ej,k be the event that
η′|[0,δ] cuts out at least k quantum disks with quantum area at least δα and quantum
boundary length in (e−j−1, e−j]. It thus follows that there exists a constant c1 > 0 such
that
P[Ej,k] ≤ c1(δe3/2j)k×(e−2jδ−α)k = c1δ(1−α)ke−jk/2 for all j ≥ 23(1+) log δ−1. (6.8)
The number N of quantum disks separated by η′|[0,δ] from +∞ with quantum boundary
length between δ2/3(1+) and δ1/2 is Poisson with mean λ proportional to δ−. By
Lemma 2.9, we have for a constant c2 > 0 that
P[N ≥ 2λ] ≤ exp(−c2δ−), (6.9)
hence decays to 0 faster than any power of δ as δ → 0. By Lemma 3.3, the expected
quantum area in such a quantum disk is at most a constant times δ so that, as before, the
probability that any such disk has quantum area at least δα is, by Markov’s inequality,
at most a constant times δ1−α. Let Fk be the event that there are at least k such disks.
Combining, it follows that there exists a constant c3 > 0 such that
P[Fk] ≤ c3δ−k × δ(1−α)k = c3δ(1−α−)k. (6.10)
Finally, the number of quantum disks separated by η′|[0,δ] from +∞ with boundary
length larger than δ1/2 is Poisson with mean proportional to δ × δ−3/4 = δ1/4. Thus if
we let Gk be the event that there are at least k such quantum disks cut out by η
′|[0,δ]
then it follows that there exists a constant c4 > 0 such that
P[Gk] ≤ c4δk/4. (6.11)
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We can deduce the result from (6.8), (6.10), and (6.11) as follows. For each sequence
a = (i, j, k`0 , k`0+1, . . .) of non-negative integers with
i+ j +
∑
`≥`0
k` = n
we let Fa be the event that η
′|[0,δ] separates from +∞ at least i (resp. j) quantum disks of
quantum area at least δα and quantum boundary length in [δ2/3(1+), δ1/2] (resp. larger
than δ1/2) and at least k` quantum disks of quantum area at least δ
α and quantum
boundary length in (e−`−1, e−`] for each ` ≥ `0. Assume that we have chosen α,  such
that 1−α−  ∈ (0, 1/4). Then (6.8), (6.10), and (6.11) together imply that there exists
a constant c5 > 0 such that
P[Fa] ≤ c5δ(1−α−)n
∏
`≥`0
e−`k`/2.
The result follows by summing over all such multi-indices a.
Lemma 6.5. Suppose that we have the same setup as in Proposition 6.3. For each
k ∈ Z, we let τk = inf{t ≥ 0 : Re(η′(t)) ≥ k}. For each ρ ∈ (0, 1) there exists r > 0 such
that the conditional probability given η′|[0,τk] that there exists z ∈ [k+r, k+1−r]× [0, pi]
such that η′|[τk,τk+1] separates B(z, r) from +∞ is at least ρ.
Proof. This follows from the conformal Markov property for SLE6.
Lemma 6.6. Suppose that we have the same setup as in Proposition 6.3 and let τk be
as in Lemma 6.5. For each β > 0 there exists α > 0 such that the following is true.
Fix δ > 0, let k = uα,δ, and let m ∈ N. For each p > 0 there exists a constant cp > 0
such that the probability that η′|[0,τk] separates from +∞ fewer than m quantum disks
of quantum area at least δβ is at most cpδ
p.
Proof. Fix ρ ∈ (0, 1) and let r > 0 be as in Lemma 6.5 for this value of ρ. Fix
σ > 0 small and let n = σ log δ−1. Lemma 6.5 implies that the number of components
separated by η′|[τk−n,τk] from +∞ which contain a Euclidean disk of radius at least r is
stochastically dominated from below by a Binomial random variable with parameters
(n, ρ). In particular, by choosing ρ sufficiently close to 1 we have that the probability
that the number of components separated by η′|[τk−n,τk] from +∞ which contain a
Euclidean disk of radius at least r, all contained in [k − n, k] × [0, pi], is smaller than
n/2 is at most a constant times δp.
Assume that we are working on the complementary event that η′|[τk−n,τk] separates
at least n/2 such components U1, . . . , Un/2 and, for each j, we let zj be such that
B(zj, r) ⊆ Uj. For each 1 ≤ j ≤ n/2, we let hj be the harmonic extension of the values
of h from ∂B(zj, r) to B(zj, r). By the Markov property for the GFF with free boundary
conditions, we know that the conditional law of the restriction of h to B(zj, r) given its
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values outside of B(zj, r) is that of a GFF in B(zj, r) with zero boundary conditions
plus hj conditioned so that uα,δ is the first time that α log δ is hit by the projection of
h onto H1(S ). For γ =
√
8/3, let
X∗j = sup
w∈B(zj ,r/2)
|h(w)− (Q− γ)(Re(zj)− uα,δ)− α log δ|.
The argument used to prove Lemma 4.6 implies that there exist constants c0, c1 > 0
such that
P[X∗j ≥ η] ≤ c0 exp
(
− c1η
2
σ log δ−1
)
for all η ≥ 0. (6.12)
Fix  > 0. It follows from (6.12) that there exist constants c2, c3 > 0 such that
G =
{
max
1≤j≤n/2
X∗j ≥  log δ−1
}
we have P[G] ≤ c2 exp
(
−c2
2
σ
log δ−1
)
. (6.13)
In particular, by making σ > 0 small enough we can make it so that P[G] decays to 0
faster than any fixed positive power of δ. Conditional on Gc, for each j we have that
the probability that the quantum area associated with B(zj, r) is at least a constant
times aδγ(+α) × δ2σ/3 is at least ρ˜ where ρ˜ → 1 as a → 0. (Here, we have used
that |Re(zj) − uα,δ| ≤ σ log δ−1 so that on Gc, h(zj) differs from α log δ by at most
(Q− γ)σ log δ−1 +  log δ−1.) We note that these events are conditionally independent
given the values of h on the complement of ∪jB(zj, r) and on the event Gc. Therefore
by choosing a > 0 small enough, the probability that we have fewer than n/4 disks
with quantum area at least aδγ(+α) tends to 0 faster than any power of δ. Combining
implies the result.
Proof of Proposition 6.3. The result follows by combining Lemma 6.4 with Lemma 6.6.
Indeed, Lemma 6.4 implies that η′|[0,δ] is very unlikely to separate at least a fixed number
of components with quantum area a power of δ while Lemma 6.6 implies that η′|[0,τk]
with k = uα,δ is very likely to separate at least a fixed number of components with
quantum area a power of δ.
6.2 Quantum distance bounds
Proposition 6.7. Suppose that (S , h,−∞,+∞) has the law of a √8/3-quantum
wedge with the embedding into S so that the projection of h onto H1(S ) first hits
0 at u = 0. There exist p > 1 and constants c0, c1 > 0 such that the following is
true. For each k ∈ Z with k < 0 we let Dk be the quantum distance from k + ipi/2 to
k+1+ ipi/2 (i.e., the midpoint of the line segment in S with Re(z) = k to the midpoint
of the line segment with Re(z) = k+ 1) with respect to the QLE(8/3, 0) internal metric
in [k − 1, k + 2]× [pi/4, 3pi/4]. Then we have that
E[Dpk] ≤ c0ec1k. (6.14)
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Let D˜k denote the quantum distance between the points k + 3pi/4i and k + ipi/4 with
respect to the QLE(8/3, 0) internal metric in [k − 1, k + 1]× [0, pi]. We also have (for
the same values of p, c0, c1) that
E[D˜pk] ≤ c0ec1k. (6.15)
We need to collect several lemmas before giving the proof of Proposition 6.7.
Lemma 6.8. Suppose that (S , h,−∞,+∞) is a √8/3-quantum wedge with the em-
bedding into S as in the statement of Proposition 6.7. Fix k ∈ Z with k < 0 and
suppose that B(z, r) ⊆ [k, k + 1]× [pi/4, 3pi/4]. With γ = √8/3, let
ξ(q) =
(
2 +
γ2
2
)
q − γ
2
2
q2 =
10
3
q − 4
3
q2.
For each M ∈ R, we let AM be the event that the value of the projection of h onto
H1(S ) at k + 1 is in [M,M + 1]. For each q ∈ (0, 4/γ2) = (0, 3/2) there exists a
constant cq > 0 such that
E[µh(B(z, r))
q |AM ] ≤ cqeγqMrξ(q).
Proof. This follows from the standard multifractal spectrum bound for the moments
of the quantum measure; recall Proposition 3.4.
Fix k ∈ Z with k < 0. For α, β > 0 and j ∈ N, we say that a point z ∈ S with
Re(z) ∈ [k, k + 1] is (α, β, j)-good if:
1. B(z, e−j) ⊆ BQ(z, e−αj) and
2. BQ(z, e−αj) ⊆ B(z, e−βj).
Lemma 6.9. Suppose that (S , h,−∞,+∞) is a √8/3-quantum wedge with the em-
bedding into S as in the statement of Proposition 6.7. Suppose that z ∈ [−2,−1] ×
[pi/4, 3pi/4]. For each  > 0 there exists α, β, c0 > 0 such that the probability that z is
(α, β, j)-good is at least 1− c0e−(25/12−)j for each j ∈ N.
Proof. Fix  > 0. By Lemma 6.8 and Markov’s inequality with q = 5/4 so that
ξ(q) = 25/12, we can find α > 0 and a constant c0 > 0 such that with
E = {µh(B(z, e−j)) ≤ e−αj} we have P[Ec] ≤ c0e−(25/12−)j.
We are now going to make a comparison between the law of h near z and the law of
a quantum cone near its marked point since this is the setting in which our moment
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bounds for quantum distance in Section 5 were established. Let Z be the Radon-
Nikodym derivative between the law of the restriction of h to B(z, 1
4
) and the law of
a whole-plane GFF on C restricted to B(z, 1
4
) with the additive constant fixed so that
its average on ∂B(z, 1) is equal to 0. Then Lemma 4.6 and Lemma 5.4 together imply
that for each p > 0 there exists a constant cp <∞ such that
E[Zp] ≤ cp. (6.16)
For each δ > 0 we let φδ be a C
∞
0 function which agrees with w 7→ log |w − z| in
B(z, 1) \ B(z, δ). It is not hard to see that there is a constant c1 > 0 so that we can
find such a function φδ so that ‖φδ‖2∇ ≤ c1 log δ−1 (e.g., by truncating the log function
in a smooth manner). Combining this with (6.16) implies that the Radon-Nikodym
derivative Zδ between the law of the restriction of h to B(z, 14)\B(z, δ) and the law of a√
8/3-quantum cone (C, h˜, z,∞) restricted to B(z, 1
4
) \B(z, δ) with the circle average
embedding satisfies the property that for each p > 0 there is a constant c˜p > 0 such
that
E[Zpδ ] ≤ c˜pδ−c1p
2/2. (6.17)
Proposition 5.3 implies that for each choice of c3 > 0 there exists a constant c2 > 0
such that, conditional on E, the probability that the QLE(8/3, 0) distance defined
from the quantum cone (C, h˜, z,∞) between every point in B(z, e−k) \ B(z, e−k−1)
and ∂B(z, e−k−1) is at most e−c2k with probability at least 1 − e−c3k. Combining this
with (6.17) and Ho¨lder’s inequality, we see that the same is true under h (though with
possibly different constants c2, c3). Iterating this and summing over k implies that there
exists α > 0 so that the probability of the first part of being (α, β, j)-good is at least
1− c0e−(25/12−)j.
The same change of measures argument but using (4.2) of Proposition 4.2 in place of
Proposition 5.3 yields a similar lower bound of the probability of the second (α, β, j)-
good condition.
Proof of Proposition 6.7. We will first prove the result for k = −2 and then explain
how to extract the result for other values of k from this case. Let a (resp. b) be the
midpoint of the line Re(z) = −2 (resp. Re(z) = −1) in S . Let j ∈ N and for each
0 ≤ ` ≤ ej we let
z` = −2 + `
ej
+ i
pi
2
be the midpoint of the line Re(z) = −2 + `/ej in S . Let Gj be the event that
a = z0, . . . , zej = b are all (α, β, j)-good. On Gj, we have that
dQ(a, b) ≤
ej∑
`=1
dQ(z`−1, z`) ≤ e(1−α)j. (6.18)
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Fix  > 0 small so that 13/12−  > 1. By Lemma 6.9, we know for a constant c0 > 0
that
P[Gcj] ≤ c0ej × e−(25/12−)j = c0e−(13/12−)j. (6.19)
Fix p > 1 so that (1−α)p− (13/12− ) < 0. Combining (6.18) and (6.19), we see that
E[d
p
Q(a, b)] ≤ c0
∑
j
e(1−α)pje−(13/12−)j <∞.
This completes the proof of the result for k = −2.
We will now generalize the result to all k ∈ Z with k ≤ −2. Lemma 2.2 implies that
adding a constant C to the field scales distances by the factor eγC/4 for γ =
√
8/3.
Let X be the projection of h onto H1(S ). Then we can write Xu = B−2u + (Q− γ)u
for u ≤ 0 where B is a standard Brownian motion with B0 = 0 conditioned so that
Xu ≤ 0 for all u ≤ 0. If we let a (resp. b) be the midpoint of the line Re(z) = k (resp.
Re(z) = k + 1) in S then it follows that for a constant c1 < ∞ we have that (with
γ =
√
8/3)
E[d
p
Q(a, b) |B∗−2(k+2)] ≤ c1 exp
(pγ
4
(
B∗−2(k+2) + (Q− γ)(k + 2)
))
(6.20)
where B∗−2(k+2) = supt∈[0,2] B−2(k+2−t). Using that Xu conditioned to be negative for all
u ≤ 0 is stochastically dominated from above by Xu conditioned to be negative only
for u = k + 2, it is easy to see that there exists p0 > 1 and constants c0, c1 > 0 such
that for all p ∈ (0, p0) we have that
E
[
exp
(pγ
4
(
B∗−2(k+2) + (Q− γ)(k + 2)
))] ≤ c0ec1k. (6.21)
Combining (6.20) and (6.21) implies the result.
6.3 Proof of moment bounds
We now have the necessary estimates to complete the proofs of Proposition 6.1 and
Proposition 6.2.
Proof of Proposition 6.1. Fix α > 0 small and let β = α/2. Recall from the proposition
statement that Fα,δ is the event that η
′|[0,δ] is contained in S− + uα,δ − 1. We let γ1
be the shortest dQ-length path from −∞ to the midpoint of the vertical line through
Re(z) = uβ,δ contained in [pi/4, 3pi/4]×R. We then let γ2 be the shortest dQ-path from
a = uβ,δ + ipi/4− 2 to b = uβ,δ + i3pi/4− 2 contained in [uβ,δ − 5, uβ,δ]× [0, pi].
Let fδ be the unique conformal map from the component of S \ η′([0, δ]) with +∞ on
its boundary to S with |fδ(z)−z| → 0 as z → +∞. We also let γ˜3 be the shortest path
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with respect to the internal QLE(8/3, 0) metric associated with h ◦ f−1δ +Q log |(f−1δ )′|
from −∞ to the midpoint of the line with Re(z) = uβ,δ contained in [pi/4, 3pi/4] ×R
and let γ3 = f
−1
δ (γ˜3). Note that γ1 crosses γ2. Moreover, standard distortion estimates
for conformal maps imply that on Fα,δ we have that γ3 also crosses γ2 for all δ > 0
small enough. It therefore follows that, on Fα,δ, the distance between −∞ and η′(δ)
is bounded from above by the sum of the dQ lengths of γ1, γ2, γ3. Thus our first goal
will be to show that the lengths of these three paths have a finite pth moment for some
p > 1. We will then deduce the result from this using a scaling argument.
We begin by bounding the length of γ1. Fix p > 1 and  > 0. Let Dk be as in the
statement of Proposition 6.7. Let n = duβ,δe and let d1 =
∑n
k=−∞Dk. Then the
length of γ1 is bounded by d1. Suppose that p > 1. By Jensen’s inequality, with
c =
∑∞
k=0 e
−k, we have that
dp1 =
(
n∑
k=−∞
Dk
)p
=
(
n∑
k=−∞
Dke
−(n−k)e(n−k)
)p
≤ cp−1
n∑
k=−∞
Dpke
−(n−k)p. (6.22)
Thus to bound E[dp1] it suffices to bound the expectation of the right side of (6.22).
Proposition 6.7 and scaling together imply that there exists p > 1 and constants c0, c1 >
0 such that E[Dpk] ≤ c0ec1(k−n)δc1α for each k. Thus by choosing  > 0 sufficiently small,
by inserting this into (6.22) we see that (possibly adjusting c0, c1)
E[dp1] ≤ c0δc1α. (6.23)
The same argument also implies that the pth moments of the lengths of γ2 and γ3 are
both at most c0δ
c1α (possibly adjusting c0, c1).
Combining everything implies that there exists p > 1 such that (possibly adjusting
c0, c1)
E[Dpδ1Fα,δ ] ≤ c0δc1α. (6.24)
Fix α′ > 0 which is much smaller than α. Then we have that
E[Dpδ1Fα′,δ ] ≤ c0δc1α + E[Dpδ1Fα′,δ∩F cα,δ ]
≤ c0δc1α + E[Dpp′δ 1Fα′,δ ]1/p
′
P[F cα,δ]
1/q′
for conjugate exponents p′, q′. By Proposition 6.3, the second term decays to 0 faster
than any polynomial of δ, hence for each α′ > 0 small enough (possibly adjusting c0, c1
depending on α′)
E[Dpδ1Fα′,δ ] ≤ c0δc1α. (6.25)
We will now use a scaling calculation to remove the truncation and obtain the correct
exponent in (6.25). Namely, we know that if we add C to the field then quantum natural
time gets scaled by e3γC/4, for γ =
√
8/3 (see [MS15c, Section 6.2]) and quantum
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distance gets scaled by eγC/4 (Lemma 2.2). Applying this in the setting of (6.24)
with C = α′ log δ−1, we see that (possibly adjusting c0, c1) E[D
p
δ1−3α′/4
1F
0,δ1−3α′/4
] ≤
c0δ
c1α. By writing δ in place of δ1−3α
′/4, we thus see that (possibly adjusting c0, c1)
E[Dpδ1F0,δ ] ≤ c0δc1 for all δ ∈ (0, 1). That is, the pth moment of the quantum distance
from −∞ to η′(δ) on the event that supt∈[0,δ] Re(η′(t)) ≤ −1 decays like a power of
δ. By iterating this, we see that the same is true on the event that supt∈[0,δ] Re(η
′(t))
is at most a negative power of δ. On the other hand, Proposition 6.3 implies that
the probability that supt∈[0,δ] Re(η
′(t)) exceeds a negative power of δ decays to 0 as
δ → 0 faster than any positive power of δ. Combining, it is not difficult to see that
E[Dp0] < ∞. Combining this with scaling again (i.e., quantum natural time scales as
the third power of quantum distance) implies (6.1).
The final assertions of the proposition are immediate from the first and Proposition 6.3.
Proof of Proposition 6.2. This follows from the same argument used to prove Propo-
sition 6.1, except we have to explain why the analog of Proposition 6.3 holds in this
setting. This, in turn, is a consequence of Proposition 4.4.
7 Reverse explorations of
√
8/3-LQG spheres
In [MS15b, MS15c] we constructed forward explorations of doubly-marked
√
8/3-LQG
spheres sampled from the infinite measure M2SPH by QLE(8/3, 0) and SLE6, respectively.
The purpose of this section is to describe the time-reversals of the unexplored-domain
processes which correspond to these explorations.
7.1 Time-reversal of SLE6 unexplored-domain process
Suppose that (S, x, y) has the law of a√8/3-LQG sphere decorated with a whole-plane
SLE6 process η
′ from x to y sampled from M2SPH. We assume that (S, x, y) is embedded
into C with x taken to −∞, y to +∞, and we assume that η′ has the quantum natural
time parameterization. For each t, we let Ut be the component of C \η′([0, t]) containing
+∞. We recall from [MS15c] that:
• The quantum boundary length of Ut evolves as the time-reversal of a 3/2-stable
Le´vy excursion e : [0, T ] → R+ with only upward jumps [MS15c, Theorem 1.2].
(Recall that the Le´vy excursion measure is an infinite measure.)
• Given its quantum boundary length, the conditional law of the quantum surface
(Ut, h) is that of a quantum disk weighted by its quantum area [MS15c, Propo-
sition 6.4] and, given (Ut, h) as a quantum surface, +∞ is uniformly distributed
from the quantum measure.
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Figure 7.1: Left: Part of the time-reversal of the unexplored-domain process associ-
ated with a whole-plane SLE6 process η
′ on a doubly-marked quantum sphere (S, x, y)
from x to y. If T denotes the (random) amount of quantum natural time required by
η′ to go from x to y and δ > 0, then the green region corresponds to the component
of S \ η′([0, T − δ]) which contains y. This surface is doubly marked by the interior
point y and the boundary point η′(T − δ). The union of the blue and green regions
corresponds to the component of S \ η′([0, T − 2δ]) containing y. This surface is also
doubly marked, with the interior point being equal to y and the boundary point equal
to η′(T − 2δ). The red region is defined similarly. Each of the green, blue, and red
regions may individually be viewed as a doubly-marked surface, where in this case the
surface is marked by the first and last point visited by η′. Right: We separate the
three surfaces on the left hand side into three “necklaces.” As on the left, each necklace
has two marked points. Each necklace also has two marked boundary segments, which
we call the “top” and “bottom” of the necklace. The top corresponds to the boundary
segment which is not part of the circular arc (hence filled by η′) and the bottom the
part of the circular arc which is bold. If we glue together the necklaces as shown (with
the tip of one necklace identified with the initial point of the next), then we can recover
the left hand picture.
• Given the quantum surface (Ut, h), the point η′(t) ∈ ∂Ut is uniformly distributed
according to the quantum length measure [MS15c, Proposition 6.4].
We recall also from [MS15b] that these three properties were crucial in the proof that
QLE(8/3, 0) defines a metric on a quantum sphere.
In Section 7.2, we will describe the time-reversal of the unexplored-domain process for
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QLE(8/3, 0), which will be useful for using the characterization given in Theorem 1.7 of
TBM to complete the proof of Theorem 1.4. The following analog of the third property
mentioned just above in the case of the forward exploration of a quantum sphere will
be essential for that construction.
Lemma 7.1. Using the notation introduced just above, we have that
(i) The quantum boundary length of U(T−t)+ evolves in t as a 3/2-stable Le´vy excur-
sion with only upward jumps from 0 to 0 of length T . (We emphasize that T is
the length of the Le´vy excursion and is random and that t can be bigger than T .)
(ii) For each t ≥ 0, on the event that T > t we have that η′(T − t) is uniformly
distributed according to the quantum boundary length measure on ∂UT−t given the
quantum surface (UT−t, h).
Proof. The first statement is immediate from the definition of M2SPH; see also [MS15c,
Theorem 1.2] as mentioned above.
For the second statement, we assume that we are working on the event that T > t.
Then we know that the conditional law of (UT−t, h) given its quantum boundary length
can be sampled from as follows. We sample from the law of a quantum disk weighted
by its quantum area with the given boundary length and decorated by an independent
SLE6 process starting from a uniformly random marked boundary point and targeted
at a uniformly random marked interior point conditioned on taking quantum natural
time exactly equal to t to reach its target point. The second statement immediately
follows from this description and the analogous property in the case of the forward
exploration of a
√
8/3-LQG sphere by SLE6.
Throughout, we let M2,tSPH,R denote infinite measure on doubly marked surfaces (U(T−t)+ , h)
decorated by a path η′ as considered in Lemma 7.1. (The subscript “R” is to indicate
that this law corresponds to a time-reversal.) We emphasize again that T > 0 is ran-
dom. On the event that t < T , the quantum surface (U(T−t)+ , h) = (UT−t, h) has the
topology of a disk. In this case, one marked point is on the disk boundary and the
other marked point is in the interior. The marked points respectively correspond to
the starting and ending points of the restriction of η′ to U(T−t)+ . On the event that
t ≥ T , the quantum surface (U(T−t)+ , h) = (U0, h) has the topology of a sphere. In this
case, both of the marked points are both contained in the interior of the surface and
they correspond to the starting and ending points of η′.
For s, t > 0 we note that there is a natural coupling of M2,tSPH,R and M
2,t+s
SPH,R because we
can produce both laws from M2SPH, as described just above. The proof of part (ii) of
Lemma 7.1 implies that the path decorated quantum surface which is parameterized by
U(T−s−t)+ \U(T−t)+ is conditionally independent of the path-decorated quantum surface
parameterized by U(T−t)+ given the quantum boundary length of U(T−t)+ . We note that
77
both quantum surfaces are doubly marked: U(T−t)+ is marked by the initial and target
points of η′ and U(T−s−t)+ \ U(T−t)+ is also marked by the initial and target points of
the SLE6. We will prove below in Proposition 7.2 that both ∂U(T−t)+ and ∂(U(T−s−t)+ \
U(T−t)+) are conformally removable, hence the usual removability arguments imply that
the two path decorated surfaces together with their marked points a.s. determine the
path decorated surface parameterized by U(T−s−t)+ . In particular, this gives us a way of
describing a two-step sampling procedure for producing a sample from M2,t+sSPH,R. Namely,
we:
• Produce a sample from M2,tSPH,R, and then,
• Given the boundary length, we can glue on a conditionally independent surface
which corresponds to another s units of quantum natural time
and obtain a sample from M2,t+sSPH,R. We will refer to this operation either as “zipping in s
units of quantum natural time of SLE6” or “gluing in an SLE6 necklace with quantum
natural time length s.” We note that this operation involves adding at most s units of
quantum natural time, however it may involve adding less in the case that all of the
boundary length is exhausted in fewer than s units. We note that if we iterate this
procedure for long enough, then we will eventually be left with a sample from M2SPH
(i.e., M2SPH is the limit of M
2,t
SPH,R as t→∞).
We recall that a quantum disk weighted by its quantum area with given boundary
length L can be encoded in terms of the time-reversal of a 3/2-stable Le´vy excursion
with only upward jumps starting from 0 and stopped the last time that it hits L.
Consider, on the other hand, the surface that arises in the time-reversal of the SLE6
unexplored-domain process on a quantum disk/sphere with a given amount t of quan-
tum natural time. Note that such a surface can be encoded using the time-reversal of
a 3/2-stable Le´vy excursion with only upward jumps and conditioned to have length t
stopped at time t. Moreover, the first law conditioned on having quantum natural time
exactly equal to t is equal to the second law conditioned on having quantum boundary
length exactly equal to L.
We now turn to show that ∂U(T−t)+ is a.s. conformally removable for each t.
Proposition 7.2. Fix 0 < t < T and suppose that U(T−t)+ is as above. Then ∂U(T−t)+
is a.s. conformally removable. In particular, for any s > 0, the overall surface is
uniquely determined by the length-s SLE6 necklaces which arise in the time-reversal of
the unexplored-domain process.
We will prove the result by relating the law of the quantum surface (U(T−t)+ , h) to that
of a quantum disk. This will allow us to make use of the removability results established
in [MS16e] and [MS15b]. This type of comparison will also be useful for us later on.
For s, L > 0, we let ρ(s, L) be the density at s with respect to Lebesgue measure on R+
of the law of the amount of quantum natural time required by an SLE6 to reach its
78
ϕFigure 7.2: Shown on the left is sample produced from M2,tSPH,R parameterized by D and
conditioned on having quantum boundary length L > 0. We assume that we have fixed
ζ ∈ (0, t) and the green region is the sample produced from M2,ζSPH,R which is naturally
coupled with the big surface. As explained in (7.1), the law of the time-reversal of
the boundary length of the reverse domain exploration process can be sampled from
by weighting the law of the time-reversal of a 3/2-stable Le´vy excursion in a certain
way. As the latter describes the evolution of the boundary length of the unexplored-
domain process associated with an instance of M1,LDISK, if we weight an instance of the
latter by (7.1), then we can couple the two processes to agree up to a certain time. As
explained in Lemma 7.3, this implies that we can couple the surfaces up to a certain
time to be the same. Therefore we may view the first law as arising from the second
by “cutting out” the red surface and then gluing in the green surface. Thus if we have
a time at which the boundary of the reverse exploration disjoint from the inner part,
as shown, it will be conformally removable because this implies that it is absolutely
continuous with respect to the boundary when we do the forward exploration on a
quantum disk.
target point where the underlying quantum surface is a quantum disk with boundary
length L and weighted by its quantum area. Equivalently, ρ(s, L) is the density at s
with respect to Lebesgue measure on R+ of the law of the length of the time-reversal
of a 3/2-stable Le´vy excursion starting from the last time it hits L to first reach 0. Fix
t, ζ > 0. By a Bayes’ rule calculation, the Radon-Nikodym derivative of
• The law of the part of the surface cut out by an SLE6 in the first t − ζ units of
quantum natural time of a quantum disk weighted by its quantum area condi-
tioned to have quantum natural time equal to t with respect to
• The law of the part of the surface cut out by an SLE6 in the first t − ζ units of
quantum natural time of a quantum disk weighted by its quantum area condi-
tioned to have quantum natural time at least t− ζ
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is given by
ρ(ζ,Xt−ζ)
ρ(t,X0)
. (7.1)
For t and ζ fixed and X0 constrained to lie in [C
−1, C] where C > 1 is a fixed constant,
it is easy to see that this Radon-Nikodym derivative is a bounded, continuous function
of the value of Xt−ζ (and the bound only depends on t, C, and ζ).
We consider three laws on surface/path pairs:
Law 1: a quantum disk weighted by its quantum area with quantum boundary length
equal to L (i.e., M1,LDISK) decorated by an independent SLE6 conditioned to have
quantum natural time at least t− ζ.
Law 2: a quantum disk weighted by its quantum area with quantum boundary length
equal to L (i.e., M1,LDISK) decorated by an independent SLE6 conditioned to have
quantum natural time at least t− ζ weighted by the Radon-Nikodym derivative
in (7.1) (with the value of ζ fixed).
Law 3: The path-decorated quantum surface which arises by running the time-reversal
of the SLE6 unexplored-domain process for t units of quantum natural time, i.e.
sampled from M2,tSPH,R.
Then we know that we can transform from Law 2 to Law 1 by unweighting by the
Radon-Nikodym derivative in (7.1). We now record the fact that we can transform
from Law 3 to Law 2 by cutting out the last ζ units of quantum natural time of the
SLE6 and then gluing in the path decorated surface associated with a time-reversed
3/2-stable Le´vy excursion starting from Xt−ζ and stopped upon hitting 0.
Lemma 7.3. Suppose that (U, h) is a quantum surface decorated by an SLE6 process
η′ sampled from M1,LDISK weighted by the Radon-Nikodym derivative as in (7.1). Suppose
also that (Ut, h) is the SLE6 reverse unexplored-domain process associated with a sample
from M2SPH conditioned on requiring at least t units of quantum natural time for the SLE6
to reach its target point. Then the law of the quantum surface (Ut \Uζ , h) is equivalent
to the corresponding part of the quantum surface produced from Law 2 described just
above.
Proof of Proposition 7.2. Since we can choose ζ > 0 small enough so that the last ζ
units of quantum natural time of the path is disjoint from the outer boundary of the
first t− ζ when we produce the path-decorated surface from M2,tSPH,R, it follows that all
almost sure properties of the boundary of a quantum disk also hold for the boundary
of the surface produced from M2,tSPH,R. This implies the assertion of the proposition.
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Figure 7.3: Left: Shown is the same collection of necklaces as in Figure 7.1 except each
of the necklaces has been “rotated” by a uniformly random amount. Right: If we glue
together the picture this way as shown, then the law of the overall quantum surface will
be the same as in Figure 7.1, but the natural growth process which is associated with
the construction is the δ-approximation to the time-reversal of the unexplored-domain
for QLE(8/3, 0). The law of this process is not the same as the time-reversal for the
δ-approximation to QLE(8/3, 0) because in this process, the necklace which reaches the
terminal point has quantum length δ while the necklace which reaches the initial point
has quantum length in [0, δ]. The purpose of Section 7.2 is to show that this asymmetry
disappears in the δ → 0 limit. As in the case of the δ-approximation to QLE(8/3, 0),
the process on the left is naturally coupled with an SLE6 on a
√
8/3-LQG sphere so
that the bubbles formed have the same law.
7.2 Reverse QLE(8/3, 0) metric exploration
We will now describe the time-reversal of the process which corresponds to the unexplored-
domain for QLE(8/3, 0). In contrast to the setting of SLE6, this process does not have
a marked point along the domain boundary (but does have a marked point which is in
the interior).
We first suppose that we have fixed δ > 0 and that (D, h) has the law M2,δSPH,R described
just above. We assume that the surface has been embedded so that the target point of
the path is 0. Recall from Part (ii) of Lemma 7.1 that the seed of the path is distributed
uniformly at random from the quantum boundary measure on ∂D.
We construct the rest of the doubly-marked quantum sphere inductively using the
following procedure. We suppose that we have constructed doubly-marked quantum
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surfaces (D, hδ1, x
δ
1), . . . , (D, h
δ
j , x
δ
j) where (D, h
δ
1) is equal to the initial surface (D, h)
described above and xδ1 ∈ ∂D is the starting point of the path. We take the embedding
of each surface into D so that the second marked point (i.e., the target point of the path)
is equal to 0. As a quantum surface, each (D, hδj) will have the law of the corresponding
marginal under M2,δjSPH,R. To construct (D, h
δ
j+1, x
δ
j+1) from (D, h
δ
j , x
δ
j), we
1. Sample x ∈ ∂D uniformly at random from the quantum boundary length measure
on ∂D associated with hδj . We note that the law of the doubly marked quantum
surface (D, hδj , x) is the same as the law of the doubly marked quantum surface
(D, hδj , x
δ
j) by Part (ii) of Lemma 7.1.
2. Evolve the SLE6 unexplored-domain process for δ units of quantum natural time
with the marked boundary point given by x (as explained in Section 7.1) to
obtain the doubly marked surface (D, hδj+1, x
δ
j+1) where x
δ
j+1 ∈ ∂D is the marked
boundary point and the embedding into D is taken so that the second marked
point (i.e., the target point of the path) is equal to 0.
This procedure terminates once the boundary length of the surface has reached 0 so
that, as explained at the end of Section 7.1, we have constructed a doubly-marked
quantum sphere, i.e., a sample produced from M2SPH. We note that the final segment
of SLE6 exploration will a.s. not have length δ since it is a zero-measure event that the
quantum natural time associated with the entire surface is an integer multiple of δ (as
this would correspond to having a Le´vy excursion whose length is an integer multiple
of δ). We let (Sδ, xδ, yδ) be the resulting doubly marked quantum sphere (which has
law M2SPH) and we let (Γ˜
δ
r) be the (reverse) growth process on (Sδ, xδ, yδ) which is given
by following the SLE6 necklaces from y
δ to xδ as in the construction given just above.
We take the time-parameterization of (Γ˜δr) to be given by quantum distance time. We
call (Γ˜δr) the δ-approximation to the reverse metric exploration.
The time-reversal of (Γ˜δr) does not have the same law as the unexplored region asso-
ciated with the δ-approximation to (forward) QLE(8/3, 0). Indeed, note that the first
(resp. last) SLE6 in the construction of (Γ˜
δ
r) has (resp. a.s. does not have) quantum
natural time δ. The same is also true for the δ-approximation to (forward) QLE(8/3, 0).
Consequently, after time-reversing, there is an asymmetry in the amount of quantum
natural time associated with the first and last SLE6 necklaces. We will need to spend
a few pages dealing with what might seem like a trivial point, which is that this asym-
metry disappears in the δ → 0 limit. This, in turn, will imply that in the limit as
δ → 0, the joint law of the growth processes (Γ˜δr) and (Sδ, xδ, yδ) converge weakly to
a doubly-marked quantum sphere (S, x, y) and the time-reversal of the unexplored-
domain associated with the filled QLE(8/3, 0) metric ball starting from x and targeted
at y.
Proposition 7.4. In the limit as δ → 0, the pair (Sδ, xδ, yδ) and (Γ˜δr) converges to
a doubly-marked quantum sphere (S, x, y) and the time-reversal (Γ˜r) of the unexplored
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region associated with the filled metric ball starting from x and targeted at y. Moreover,
for each r > 0, conditional on the quantum boundary length of Γ˜r we have that the
quantum surface S \ Γ˜r is independent of the surface corresponding to Γ˜r. Finally, the
quantum boundary length of (Γ˜r) evolves as a 3/2-stable CSBP in r.
Before we give the proof of Proposition 7.4, we first record the following convergence
result for the forward δ-approximations to QLE(8/3, 0) (which is a consequence of
[MS15b] and the earlier results of this article).
Lemma 7.5. Suppose that (Sδ, xδ, yδ) is a doubly-marked quantum sphere together with
the forward δ-approximation (Γδr) to QLE(8/3, 0) from x
δ to yδ. Then we have that,
as δ → 0, the joint law of (Sδ, xδ, yδ) and (Γδr) converges weakly to that of a doubly
marked quantum sphere together with the QLE(8/3, 0) filled metric ball starting from x
and targeted at y.
Proof. The results of [MS15b] imply that if we take any sequence (δk) of positive
numbers tending to 0 as k → ∞ then there exists a subsequence (δjk) of (δk) along
which we have the weak convergence of the joint law of (Sδ, xδ, yδ) and (Γδr) to the joint
law of a doubly marked quantum sphere (S, x, y) and a growth process (Γr) from x to
y. It was not proved in [MS15b] that (Γr) does not depend on the choice of subsequence
(δjk). However, it was shown in [MS15b] that if (xn) is any i.i.d. sequence in S chosen
from the quantum measure on S then the joint law of the hitting times of the (xn) by
(Γr) does not depend on the choice of subsequence and, moreover, the hitting times are
a.s. determined by S. For a general growth process, these hitting times are not enough
to determine the growth process itself (for example, by taking for a given value r the
closure of those (xn) which are hit at or before time r). The continuity results that
we have established in the present article (Theorem 1.1 and Theorem 1.2), however,
imply that this is the case for QLE(8/3, 0). This, in particular, implies that every
subsequential limit of the (Γδr) is the same, which implies the existence of the limit and
that the limit is a.s. determined by the limiting surface S, as desired.
We note that Proposition 7.4 does not immediately follow from Lemma 7.5 because,
as mentioned just above, the unexplored region associated with the δ-approximation
to (forward) QLE(8/3, 0) does not have the same law as the time-reversal of (Γ˜δr).
The two processes do, however, have the same law if we condition on the amount of
quantum natural time required by each to be a fixed multiple of δ. We will use this
exact symmetry to complete the proof of Proposition 7.4. In order to do so, we need to
strengthen Lemma 7.5 to get that the joint law of (Γδr) and (Sδ, xδ, yδ) converges weakly
as δ → 0 to (S, x, y) and (Γr) when we have fixed the amount of quantum natural time
required by the QLE(8/3, 0) to go from x to y.
Lemma 7.6. Fix T > 0. The statement of Lemma 7.5 holds even if we condition
on the amount of quantum natural time required by (Γδr) to reach y
δ to be equal to T .
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That is, the joint law of (Sδ, xδ, yδ) and (Γδr) conditioned on (Γδr) requiring T units of
quantum natural time to reach yδ converges weakly as δ → 0 to the joint law of (S, x, y)
and (Γr) conditioned on (Γr) requiring T units of quantum natural time to reach y.
Proof. Fix T > 0. To prove this strengthened result, we will make a comparison
between the law of the surface conditioned so that (Γδr) requires exactly T units of
quantum natural time to reach yδ with the law of the unconditioned surface. This will
allow us to deduce the result from Lemma 7.5.
It will be convenient in the proof to assume that (Γδr) has the quantum natural time
parameterization (rather than the quantum distance parameterization). Once we have
established the result in this setting, the result in the case of the quantum distance
parameterization follows by applying a time change.
For each s, L > 0, we let ρ(s, L) be the density at s with respect to Lebesgue mea-
sure on R+ of the law of the amount of quantum natural time required by the δ-
approximation to QLE(8/3, 0) to reach its target point where the underlying quantum
surface is a quantum disk weighted by its quantum area with quantum boundary length
L. We note that this is the same as the density at s with respect to Lebesgue measure
on R+ as that of the amount of time that it takes for the time-reversal of a 3/2-stable
Le´vy excursion with only upward jumps starting from the last time that it hits L to
hit 0 at time s. In particular, this density does not depend on δ. We also let ρ(s) be
the density at s with respect to Lebesgue measure on R+ of the law of the amount of
quantum natural time required by (Γδr) to reach its target point. This density also does
not depend on δ. A Bayes’ rule calculation implies that the Radon-Nikodym derivative
of the law of (Γδr) up to quantum natural time S conditioned on requiring quantum
natural time exactly equal to T > S to reach yδ with respect to the law under which
we have not conditioned on the total quantum natural time is given by:
ZS,T,X = ρ(T − S,X)
ρ(T )
(7.2)
where X is the quantum boundary length of (Γδr) at time S. We note that ZS,T,X
is a bounded, continuous function alone of the value of the time-reversal of the Le´vy
excursion associated with the doubly marked surface at time S. Thus since we have
the weak convergence of the process up to time S before weighting the law by (7.2),
we also have the weak convergence of the process up to time S after weighting the law
by (7.2). That is, we get the weak convergence up to time S < T when we have fixed
the amount of quantum natural time to be equal to T . The result thus follows since
we have the convergence of the process and quantum surface thus formed up to time
S for all S < T .
Proof of Proposition 7.4. We are going to prove the first assertion of the proposi-
tion by constructing a coupling of forward/reverse QLE(8/3, 0) and then make use of
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Lemma 7.6. We first suppose that we have a doubly-marked quantum sphere (S, x, y)
sampled from M2SPH conditioned so that the amount of quantum natural time required
by the path to go from x to y being exactly equal to 1. We take δ = 1/k with k ∈ N so
that 1/δ ∈ N. We then take this surface and “reshuffle” the seed of the path by resam-
pling it uniformly from the quantum boundary measure at each integer multiple of δ
time increment. We then obtain a doubly-marked quantum sphere (Sδ, xδ, yδ) decorated
with a forward δ-approximation to QLE(8/3, 0) conditioned on taking exactly 1 unit
of quantum natural time to go from xδ to yδ. Lemma 7.1 implies that time-reversing
the unexplored region of forward QLE(8/3, 0) has the law of the δ-approximation to
the time-reversal of the QLE(8/3, 0) unexplored-domain process. Lemma 7.6 implies
that, as δ → 0, we have that the joint law of (Sδ, xδ, yδ) and (Γδr) converge weakly to
the joint law of a doubly marked quantum sphere (S, x, y) and the filled metric ball
(Γr) from x to y conditioned on the amount of quantum natural time required (Γr)
to reach y being exactly equal to 1. Therefore, by the construction of our coupling,
the joint law of (Sδ, xδ, yδ) and the δ-approximation (Γ˜δr) to the time-reversal of the
unexplored-domain for QLE(8/3, 0) also converge weakly as δ → 0 and the two limits
are the same.
To finish the proof, we need to generalize to the setting in which:
• The amount of quantum natural time is not fixed and
• The value of δ that we use in the δ-approximations to the time-reversal of the
QLE(8/3, 0) unexplored-domain process does not depend on the total amount of
quantum natural time required for the process to go from y to x.
We can reduce the setting of general quantum natural times to the setting in which
we have fixed the quantum natural time by weighting by a Radon-Nikodym derivative
which is analogous to that in (7.2). Namely, we let σ(s,X) be the density at s with
respect to Lebesgue measure on R+ of the amount of quantum natural time required
by (Γ˜δr) to hit x
δ given that its boundary length is equal to X and we let σ(s) be
the density at s with respect to Lebesgue measure on R+ of the amount of quantum
natural time required by (Γ˜δr) to go from y
δ to xδ. Then the Radon-Nikodym derivative
between the law of (Γ˜δr) requiring quantum natural time exactly equal to T with respect
to its unconditioned law, both up to quantum natural time S, is equal to:
YS,T,X = σ(T − S,X)
σ(T )
. (7.3)
We note that the definition of YS,T,X in (7.3) takes the same form as in (7.2) except
it is defined in terms of the reverse rather than the forward exploration. Moreover, as
in (7.2), since this is a function of the boundary length process, it does not depend on
the value of δ.
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Fix a sequence (δk) of positive numbers with δk → 0 as k → ∞. For each k, we let
Tk = δkdδ−1k e. Note that Tk/δk is an integer for every k and that Tk → 1 as k →∞. In
particular, if we condition on the surface having exactly Tk units of quantum natural
time then the δk-approximations to forward and reverse QLE agree. Since (7.3) is also
continuous in Tk, we can use the value of Tk associated with the given value of δk and
the result follows.
The final assertions of the proposition are obvious from the construction.
7.3 Filled-metric ball complements and metric bands
Figure 7.4: Left: An instance (S, x, y) of a doubly-marked √8/3-LQG sphere decom-
posed into four metric bands. Note that a metric band can have the topology of either
a disk or an annulus. Right: If we mark the inside and outside of each metric band,
then we can uniquely reconstruct (S, x, y) by gluing the bands together according to
boundary length, with the marked point on each band identified with the corresponding
marked point on the next band.
Suppose that we have a doubly-marked quantum sphere (S, x, y) and that we run the
time-reversal of the QLE(8/3, 0) unexplored-domain process for r units time. We let
Cr be the law of the surface which is parameterized by the process up to time r, con-
ditionally on the event that dQ(x, y) ≥ r. Proposition 7.4 implies that the conditional
law of the remaining surface depends only on the quantum boundary length ` of the
outer boundary of what we have explored so far. Moreover, by scaling, this law can be
sampled from by first sampling from the law in the case that the boundary length is
equal to 1 and then scaling so that the quantum boundary length is equal to `. Recall
that this has the effect of scaling quantum distances by `1/2 (Lemma 2.2) and quantum
areas by `2. If we start off with such a surface of quantum boundary length `, and
then we explore the metric ball in reverse for s units of distance, then we refer to this
86
surface as a (reverse) metric band of inner boundary length ` and width s. We call B`,s
the law on such surfaces. We make the following observations about B`,s:
Proposition 7.7. Fix `, s > 0 and suppose that B has the law B`,s. Then B is topo-
logically either an annulus or a disk (it is a disk in the case that the target point has
distance less than s from the boundary of the band). Moreover, if we fix a sequence
(rk) of positive numbers with
∑
k rk =∞ and we decompose (S, x, y) into its successive
bands Bk of width rk, then the Bk are conditionally independent given the quantum
length of their inner and outer boundaries.
We note that in the statement of Proposition 7.7, there exists k0 (random) such that
Bk = ∅ for all k ≥ k0.
Proof of Proposition 7.7. The first assertion follows from the continuity results estab-
lished earlier (Theorem 1.1 and Theorem 1.2).
The second assertion is immediate from the construction.
We next turn to establish a result regarding the regularity of the boundary of a sample
produced from either Cr or B`,s and regarding the regularity of the quantum boundary
measure for a sample produced from Cr. As in the case of the reverse exploration of
a doubly marked sphere (S, x, y) produced from M2SPH, we will prove these results by
making a comparison between Cr and a quantum disk.
By the construction of reverse QLE(8/3, 0) with the quantum distance time parameteri-
zation, we know that the conditional law of the region cut off by the reverse QLE(8/3, 0)
growth run for r units of quantum distance time given its quantum boundary length
is given by that of a quantum disk weighted by its quantum area decorated with a
marked point y chosen uniformly from the quantum measure conditioned so that y
has distance r to the boundary. Therefore the law of a quantum disk with quantum
boundary length ` weighted by its quantum area marked by a uniformly random point
y conditioned given that the distance of y to the boundary is equal to r is equal to
the conditional law of the unexplored region when performing a reverse QLE(8/3, 0)
exploration for r units of quantum natural time given the quantum boundary length is
equal to `. From this observation, we obtain the following proposition.
Proposition 7.8. Fix r > 0 suppose that (S, x, y) is a sampled from M2SPH conditioned
on dQ(x, y) ≥ r, and let U be the region separated from x by the reverse QLE(8/3, 0)
exploration by quantum distance time r. In any embedding of (S, x, y), we have that
∂U is a.s. a Ho¨lder domain. That is, if ϕ : D → U is any conformal transformation,
then ϕ is Ho¨lder continuous on ∂D. The same holds in the setting of a metric band. In
particular, ∂U is a.s. conformally removable and the same likewise holds for a metric
band embedded in (S, x, y).
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Proof. It is explained in [MS15b, Proposition 5.2] that it follows from [MS16e, Theo-
rem 8.1] that if (D, h) is any quantum surface whose law is absolutely continuous with
respect to that of a quantum disk and ϕ : D → S is any embedding of (D, h) into a
bigger surface whose law is somehow related to the GFF, then ϕ is a.s. Ho¨lder contin-
uous. The result thus follows in the present setting because, as explained just above,
by applying a cutting/gluing operation and weighting by a Radon-Nikodym derivative,
we can transform from the law in the present setting to the law of a quantum disk.
Suppose that we are in the setting of Proposition 7.7 and we mark the outer boundary
of each Bk with a point chosen uniformly at random from the quantum measure, so that
each metric band is doubly marked (one point on the inside boundary and one point on
the outside boundary). Then the removability of each ∂Bk established in Proposition 7.8
(combined with the usual removability arguments, e.g., [She16]) implies that there is
a.s. a unique way to glue these doubly marked metric bands together to reconstruct the
original doubly-marked quantum sphere (S, x, y). That is, the doubly marked bands
a.s. determine the entire doubly-marked quantum surface.
This decomposition will be important for us in Section 8.3, in which we show that the
quantum boundary lengths between geodesics along the boundary of a filled metric ball
evolve as independent 3/2-stable CSBPs.
We finish this section by describing the limiting behavior of a metric band near a typical
point in terms of a
√
8/3-quantum wedge.
Proposition 7.9. Suppose that we have a sample B from BL,r and that z is chosen uni-
formly from the quantum measure on the outer boundary of B. Suppose that (H, h, 0,∞)
has the law of a
√
8/3 quantum wedge. Let B˜ be the surface which consists of those
points which have distance at most 1 to ∂H or which are cut off from∞ by those points
with distance at most 1 from H. Fix R > 0 and let S (resp. S˜) be the quantum surface
which consists of those points in B (resp. B˜) whose distance to z (resp. 0) is at most R
or are cut off from ∂B (resp. ∂B˜) by those points with distance at most R to z (resp.
0). Then the law of the marked quantum surface (S, z) converges weakly as L→∞ to
the law of the marked quantum surface (S˜, z).
Proof. The Radon-Nikodym derivative arguments used to prove Proposition 7.4 imply
that if one picks a quantum typical point on the boundary of a reverse metric explo-
ration and zooms in then one obtains in the limit a
√
8/3-quantum wedge. Indeed,
this follows because the corresponding fact for quantum disks is immediate from the
definition and the aforementioned Radon-Nikodym derivative arguments imply that
the boundary behavior of a reverse metric exploration is the same as the boundary
behavior of a quantum disk.
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8 Emergence of the 3/2-Le´vy net
In this section we will see the 3/2-Le´vy net structure [MS15a] appear in the
√
8/3-LQG
sphere. We will establish this by successively considering three different approximations
to geodesics, all of which connect a quantum typical point on the boundary of the
reverse metric exploration back to the root of the metric ball.
We will describe the first approximation in Section 8.1. It is based on the δ-approximation
to the reverse metric exploration process (Section 7.2). Using Proposition 6.1 and
Proposition 6.2 established in Section 6, we will then show in Section 8.2 that these
first approximations to geodesics converge (at least along a subsequence) to limiting
continuous paths. These subsequential limits serve as our second approximation to
geodesics.
Although it may not be obvious from the construction that the first and second ap-
proximations to geodesics are related to actual geodesics, these approximations will be
useful to analyze. This is because, as we will show in Section 8.2.6, it will follow from
the construction that if one considers two such second approximations to geodesics and
then performs a reverse metric exploration, then the quantum lengths of the two seg-
ments of the boundary of the reverse metric exploration between the two paths evolve
as independent 3/2-stable CSBPs. In fact, we will show that this holds more generally
for any finite collection of such paths. At this point, we will start to see some of the
(breadth first) 3/2-Le´vy net structure from [MS15a] to emerge.
We will see in the proofs that these second approximations to geodesics are finite length
paths but we will not rule out in the construction that they can be strictly longer than an
actual geodesic. This will lead us to our third approximation to geodesics, which will be
paths whose expected length is at most (1+) times the length of an actual geodesic with
the additional property that the quantum boundary lengths between such paths along
the boundary of a reverse metric exploration evolve approximately like independent 3/2-
stable CSBPs. We will then use that quantum boundary lengths and quantum distances
have different scaling exponents to deduce that the quantum boundary lengths between
any finite collection of actual geodesics also evolve as independent 3/2-stable CSBPs.
Once we have finished all of this, it will not require much additional work in Sec-
tion 8.4 to combine the results of this article with Theorem 1.7 to complete the proof
of Theorem 1.4.
Throughout this section, for a doubly-marked surface (S, x, y) and r > 0, we will write
B•Q(x, r) for the hull of the closure of BQ(x, r) relative to y. That is, B
•
Q(x, r) is the
complement of the y-containing component of S \ B•Q(x, r). Equivalently, B•Q(x, r) is
equal to the hull of the QLE(8/3, 0) growth from x to y with the quantum distance
parameterization stopped at time r.
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8.1 First approximations to geodesics
Top
Bottom
N
Figure 8.1: Shown is an SLE6 necklace N of length δ. When referring to the boundary
of N , we mean the boundary of the region which is cut off from the target point by
the corresponding SLE6. (We will only show this part of the necklace in illustrations in
subsequent figures.) We can divide the boundary of N into two parts: the top (heavy
red) and the bottom (blue), as shown. The top is marked by the terminal point of
the SLE6 and the bottom is marked by the initial point. If T (resp. B) denotes the
quantum length of the top (resp. bottom) of the necklace and X is the 3/2-stable Le´vy
process with only upward jumps which encodes the change in the boundary length of
the time-reversal of the unexplored domain process as one glues in N then we have
that B − T = Xδ −X0.
Fix r, δ > 0. Suppose that we have a doubly-marked quantum sphere (S, x, y) sampled
from M2SPH which is decorated by the growth process which arises by first performing the
reverse metric exploration from y to x up to quantum distance time r, and then, in the
unexplored region (i.e., B•Q(x, dQ(x, y)−r)), running the δ-approximation to the reverse
metric exploration as described in Section 7.2. Let Γ˜r,δ be the corresponding growth
process with the quantum natural time parameterization, where we take time 0 to
correspond to where the reverse metric exploration has first reached r units of quantum
distance time. That is, Γ˜r,δ0 = S \ B•Q(x, dQ(x, y) − r). For each u ≥ 0, we let Xr,δu be
the quantum boundary length of ∂Γ˜r,δu . Then X
r,δ evolves as a 3/2-stable Le´vy process
with only upward jumps.
We augment the construction of Γ˜r,δ by simultaneously building what we will call a
first approximation to a geodesic as follows. For each j, we let N r,δj be the jth SLE6
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Γ˜r,δ(j−1)δ
wr,δj−1
wr,δj
ηr,δj
N r,δj
Figure 8.2: Illustration of one step in the construction of the first approximations to
geodesics. Left: The disk represents the surface parameterized by Γ˜r,δ(j−1)δ. Shown is
the event Ar,δj that the top of the SLE6 necklace N r,δj is glued to a boundary segment
which contains the marked boundary point wr,δj−1 at step j. Right: The disk represents
the surface parameterized by Γ˜r,δjδ , which is formed by gluing N r,δj to Γ˜r,δ(j−1)δ. The path
ηr,δj , indicated in green, is a shortest path in the internal metric associated with Γ˜
r,δ
jδ
which connects the marked boundary point wr,δj at step j to the marked boundary point
wr,δj−1 from step j − 1.
necklace in the construction of Γ˜r,δ. We note that N r,δj is encoded by Xr,δ|[(j−1)δ,jδ] and
the corresponding collection of quantum disks. We can divide the outer boundary of
N r,δj into two parts: the bottom and the top (see Figure 8.1). The second part is what
gets glued to Γ˜r,δ(j−1)δ and it is marked by the tip of the SLE6 segment and the bottom
is marked by the initial point of the path. Let T r,δj (resp. B
r,δ
j ) denote the quantum
length of the top (resp. bottom) of N r,δj . Then we note that Br,δj −T r,δj = Xr,δjδ −Xr,δ(j−1)δ.
For u ∈ [0, δ] we let Xj,r,δ,Lu (resp. Xj,r,δ,Ru ) denote the change in the left (resp. right)
boundary length of the SLE6 which forms N r,δj as it is being zipped in so that
Xr,δ(j−1)δ+u −Xr,δ(j−1)δ = Xj,r,δ,Lu +Xj,r,δ,Ru .
Then we have that
T r,δj = X
r,δ
(j−1)δ −
(
inf
u∈[0,δ]
Xj,r,δ,Lu + inf
u∈[0,δ]
Xj,r,δ,Ru
)
(8.1)
and
Br,δj = X
r,δ
jδ −
(
inf
u∈[0,δ]
Xj,r,δ,Lu + inf
u∈[0,δ]
Xj,r,δ,Ru
)
. (8.2)
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Γ˜r,δ(j−1)δ
wr,δj−1 w
r,δ
j
N r,δj
Figure 8.3: (Continuation of Figure 8.2) Illustration of one step in the construction
of an approximate geodesic. Left: Shown is the case that (Ar,δj )
c occurs, i.e., the top
of the SLE6 necklace N r,δj is glued to a boundary segment which does not contain the
marked point wr,δj−1 from step j−1. Right: Shown is the surface parameterized by Γ˜r,δjδ .
In this case, ηr,δj is the constant path which is equal to the point w
r,δ
j−1 = w
r,δ
j .
As Xj,r,δ,L and Xj,r,δ,R evolve as 3/2-stable Le´vy processes with only upward jumps, it
follows that T r,δj has an exponential moment (recall Lemma 2.8). This will be important
for us in our later arguments.
We suppose that wr,δ0 is picked uniformly from ∂Γ˜
r,δ
0 using the quantum boundary
measure. Assume that we have defined wr,δ0 , . . . , w
r,δ
j−1. Then we inductively define w
r,δ
j
as follows. If wr,δj−1 is contained in the interval of ∂Γ˜
r,δ
(j−1)δ to which the top of N r,δj is
glued, then we take wr,δj to be equal to the marked point on the bottom of N r,δj (see
Figure 8.2). Otherwise, we take wr,δj to be equal to w
r,δ
j−1 (see Figure 8.3).
We then form a path ηr,δ, our first approximation to a geodesic, by connecting the
points wr,δ0 , . . . , w
r,δ
n with paths η
r,δ
j where we take η
r,δ
j to be the shortest path in the
internal metric of the surface which has been explored by time j (i.e., the surface
parameterized by Γ˜r,δjδ ) between w
r,δ
j and w
r,δ
j−1. We note that η
r,δ
j for a given value j is
typically constant because T r,δj is typically of order δ
2/3 while the quantum length of
∂Γ˜r,δjδ is typically of order 1. Thus, the probability that w
r,δ
j 6= wr,δj−1 is of order δ2/3. In
particular, the number of j such that wr,δj 6= wr,δj−1 is of order δ−1/3.
We have so far defined a single path ηr,δ. By repeating this construction with indepen-
dently chosen initial points on ∂Γ˜r,δ0 , we can construct many such paths.
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8.2 Second approximations to geodesics
Fix r > 0. We will now show that the joint law of (S, x, y) and the paths ηr,δ constructed
in Section 8.1 (first approximations to geodesics) just above converges weakly, at least
along a subsequence (δk), to a limiting doubly-marked quantum sphere (S, x, y) with
law M2SPH decorated by a path η
r which connects a uniformly random point on the
boundary of the reverse metric exploration at time r to x.
The exact topology that we use here is not important, but to be concrete we will make
the following choice. By applying a conformal transformation, we can parameterize
(S, x, y) using S2 with x (resp. y) taken to the south (resp. north) pole and the starting
point of ηr,δ taken to a fixed point on the equator. We use the uniform topology on
paths on S2 and the weak topology on measures on S2 for the area measure which
encodes the quantum surface.
We will refer to the path ηr as our second approximation to a geodesic because it is
a finite length path between a point on ∂B•Q(x, dQ(x, y) − r) and x. In the process of
proving the existence of ηr, we will also show that it has certain properties that will
be useful for us in the next section. We will later show that the quantum boundary
length of the two segments along the boundary of a metric ball between two such paths
started at uniformly random points evolve as independent 3/2-stable CSBPs and, more
generally, that the same is true for any finite number of paths.
Proposition 8.1. Fix r > 0. There exists a sequence (δk) of positive numbers with
δk → 0 as k → ∞ such that the following is true. The joint law of the doubly marked
quantum surfaces (S, x, y) and paths ηr,δk converges weakly (using the topology described
just above) to that of a limiting doubly marked quantum surface/path pair (S, x, y), ηr
where the marginal of (S, x, y) is given by M2SPH and the following hold.
(i) Almost surely, ηr(t) ∈ ∂B•Q(x, dQ(x, y)− (r + t)) for all t ∈ [0, dQ(x, y)− r].
(ii) For each t ≥ 0, given the quantum boundary length of ∂B•Q(x, dQ(x, y)− (r + t)),
the quantum surface parameterized by B•Q(x, dQ(x, y) − (r + t)) and marked by
the pair (ηr(t), x) is independent of the quantum surface parameterized by S \
B•Q(x, dQ(x, y)− (r + t)) and marked by the pair (ηr(t), y).
Fix T > 0, C > 1, and let ErC,T be the event that the quantum boundary length of
∂B•Q(x, dQ(x, y) − (r + t)) stays in [C−1, C] for t ∈ [0, T ] and let `rT be the arc length
of ηr|[0,T ]. Then there exists a constant K > 0 depending only on C, T such that
E[`rT1ErC,T ] ≤ K. In particular, for every  > 0 there exists δ > 0 such that if we have
an event Q which occurs with probability at most δ then E[`rT1ErC,T∩Q] ≤ .
Finally, by passing to a further subsequence if necessary, we can construct a coupling
of a countable collection of paths which each satisfy (i) and (ii), which start at a
countable dense set of points chosen i.i.d. from the quantum boundary measure on
∂B•Q(x, dQ(x, y)− r), and do not cross.
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We will break the proof of Proposition 8.1 into several steps which are carried out in
Sections 8.2.1–8.2.5. The part of the proof contained in Section 8.2.1 is instructive
to read on a first reading because it provides some intuition as to why the second
approximations should be related to geodesics. The estimates from Sections 8.2.2–
8.2.5 may be skipped on a first reading, since the material here is mainly technical and
is focused on transferring the moment bounds from Section 6 to the present setting.
We will establish the statement regarding the evolution of the quantum boundary
lengths between a finite number of paths as in Proposition 8.1 in Section 8.2.6.
8.2.1 Step count distance passes to limit
We begin by establishing a lemma which we will later argue implies part (i) of Propo-
sition 8.1. This will be important because it will imply that along any subsequence
which ηr,δ converges we have that the limiting path ηr does not trace along ∂B•Q(x, dQ(x, y)−
(r + t)) for any value of t. Equivalently, this will imply that ηr is a continuous path if
we parameterize it according to its distance from x and the proof will show that this
is in fact the natural parameterization to use for ηr.
Lemma 8.2. There exists a constant c > 0 such that the following is true. For each
j, we let Ar,δj be the event that w
r,δ
j 6= wr,δj−1 and let Ir,δj = 1Ar,δj . Fix any value of t > 0
and let
N = min
{
m ≥ 1 : c−1δ1/3
m∑
j=1
Ir,δj ≥ t
}
.
On the event that dQ(x, y) > r + t, we have that dQ(w
r,δ
N , x) converges in probability as
δ → 0 to dQ(x, y)− (r + t).
Proof. Note that
∑m
j=1 I
r,δ
j counts the number of times that the marked point moves
in mδ units of quantum natural time. That is,
∑m
j=1 I
r,δ
j is the “step count distance”
of wr,δj to ∂B
•
Q(x, dQ(x, y)− r) because it counts the number of steps that the marked
point has taken after m SLE6 necklaces have been added in the reverse exploration.
For each s, we let s = dδ−1seδ. Assume that u > 0 is fixed, let  > 0, and τ r,δ =
u ∧ inf{s ≥ 0 : Xr,δs = }. As Xr,δs is a non-negative ca`dla`g process with only upward
jumps and whose law does not depend on δ, it is easy to see that (in probability)∫ τr,δ
0
1
Xr,δs
ds→
∫ τr,δ
0
1
Xr,δs
ds as δ → 0.
Let F r,δs be the filtration generated byXr,δs and recall from (8.1) that T r,δj is the quantum
boundary length of the top of N r,δj . We assume that δ > 0 is sufficiently small so that
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δ2/3 ≤ . Let Qr,δj = {T r,δj ≤ Xr,δ(j−1)δ}. On the event that jδ ≤ τ r,δ so that Xr,δjδ ≥ ,
using that 1Qr,δj+1
= 1− 1(Qr,δj+1)c , we have for a constant c > 0 that
P[Ar,δj+1, Q
r,δ
j+1 | F r,δjδ ] = E
[
T r,δj+1
Xr,δjδ
1Qr,δj+1
| F r,δjδ
]
=
cδ2/3
Xr,δjδ
−P[(Qr,δj+1)c | F r,δjδ ]. (8.3)
(The constant c appearing in (8.3) is the value of c that we take in the statement of
the lemma.) Let n = bδ−1τ r,δ /cc and let Gr,δ be the event that T r,δj ≤ Xr,δjδ for all j
such that τ r,δ ≥ jδ. By Lemma 2.8, we have that P[Gr,δ ]→ 1 as δ → 0 with r,  fixed.
Consequently, it follows that
δ1/3
n∑
j=1
Ir,δj 1(Qr,δj )c
→ 0
in probability as δ → 0 with r,  fixed. Using that P[(Qr,δj+1)c | F r,δjδ ]→ 0 as δ → 0 faster
than any power of δ (Lemma 2.8) on the event that jδ ≤ τ r,δ , and using the notation
o(1) to indicate terms which tend to 0 as δ → 0 with r,  fixed, we have that
E
(c−1δ1/3 n∑
j=1
Ir,δj 1Qr,δj
−
∫ τr,δ
0
1
Xr,δs
ds
)2
=δ2/3E
[
n∑
j,k=1
(c−1Ir,δj 1Qr,δj − δ
2/3(Xr,δ(j−1)δ)
−1)(c−1Ir,δk 1Qr,δk − δ
2/3(Xr,δ(k−1)δ)
−1)
]
=δ2/3E
[
n∑
j=1
(c−1Ir,δj 1Qr,δj − δ
2/3(Xr,δ(j−1)δ)
−1)2
]
+ o(1) (by (8.3))
=δ2/3E
[
n∑
j=1
(
c−2Ir,δj 1Qr,δj + δ
4/3(Xr,δ(j−1)δ)
−2 − 2c−1δ2/3Ir,δj (Xr,δ(j−1)δ)−11Qr,δj
)]
+ o(1)
=δ2/3E
[
n∑
j=1
(
c−2Ir,δj 1Qr,δj − δ
4/3(Xr,δ(j−1)δ)
−2
)]
+ o(1) (by (8.3))
=δ2/3E
[
n∑
j=1
c−2Ir,δj 1Qr,δj
]
− δ2E
[
n∑
j=1
(Xr,δ(j−1)δ)
−2
]
+ o(1). (8.4)
For the first summand in (8.4) we have that
c−2δ2/3E
[
n∑
j=1
Ir,δj 1Qr,δj
]
= c−1δ4/3E
[
n∑
j=1
(Xr,δ(j−1)δ)
−1
]
+ o(1) (by (8.3))
≤ c−1u−1δ1/3 + o(1)→ 0 as δ → 0. (8.5)
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To bound the second summand in (8.4), we can use the deterministic bound
δ2
n∑
j=1
(Xr,δjδ )
−2 ≤ u−2δ → 0 as δ → 0. (8.6)
Combining (8.5) and (8.6) implies that (8.4) tends to 0 as δ → 0. This completes the
proof because the boundary of the time-reversal of the δ-approximation to the reverse
metric exploration at quantum distance time r +
∫ u
0
(Xr,δs )
−1ds converges as δ → 0 to
the boundary of the radius dQ(x, y)− (r +
∫ u
0
(Xr,δs )
−1ds) ball.
8.2.2 Conditional law of necklace given top glued to marked point
Conditioning on the event Ar,δj that w
r,δ
j 6= wr,δj−1 introduces a bias into the law of
N r,δj because necklaces with longer top boundary lengths are more likely to be glued
to a given marked boundary point. As we will see in the following lemma, this bias
corresponds to weighting the law of N r,δj by the quantum boundary length T r,δj of its
top.
Lemma 8.3. We have that:
(i) The conditional law of N r,δj given Ar,δj and Xr,δ(j−1)δ on {T r,δj ≤ Xr,δ(j−1)δ} is that of
an SLE6 necklace weighted by T
r,δ
j .
(ii) Given Ar,δj , {T r,δj ≤ Xr,δ(j−1)δ}, and Xr,δ(j−1)δ we have that wr,δj−1 is distributed uni-
formly from the quantum boundary measure on the boundary of the top of N r,δj .
Proof. The first assertion of the lemma is a standard sort of Bayes’ rule style calculation.
Fix an event A such that P[N r,δj ∈ A |Xr,δ(j−1)δ] > 0 and A ⊆ {T r,δj ≤ Xr,δ(j−1)δ}. We have
that
P[N r,δj ∈ A |Ar,δj , Xr,δ(j−1)δ] =
P[Ar,δj | N r,δj ∈ A, Xr,δ(j−1)δ]
P[Ar,δj |Xr,δ(j−1)δ]
P[N r,δj ∈ A |Xr,δ(j−1)δ]. (8.7)
We can read off from (8.7) the Radon-Nikodym derivative of the law of N r,δj given
Ar,δj , X
r,δ
(j−1)δ on the event that {T r,δj ≤ Xr,δ(j−1)δ} with respect to the unconditioned
law of N r,δj . Fix , a, b > 0. Assume that on A we have that T r,δj ∈ [a, a + ] where
a+  ≤ Xr,δ(j−1)δ. Then we have that
a
Xr,δ(j−1)δ
≤ P[Ar,δj | N r,δj ∈ A, Xr,δ(j−1)δ] ≤
a+ 
Xr,δ(j−1)δ
. (8.8)
The first assertion follows by combining (8.7) and (8.8) and sending → 0.
The second assertion of the lemma is obvious from the construction.
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8.2.3 Comparison of explored surface to a quantum disk
In order to make use of Proposition 6.1 and Proposition 6.2 in the proof of Proposi-
tion 8.1 given just below we will need to make a comparison between:
• the quantum surface which arises when running the δ-approximation of the reverse
metric exploration in the setting of a
√
8/3-quantum sphere and
• a √8/3-quantum wedge.
We will accomplish this with a cutting/gluing argument which is analogous to that
given in Section 7.2 and Section 7.3, but will require some additional steps.
We note that the law of the surface parameterized by Γ˜r,δjδ can be sampled from as
follows. Given that its boundary length is equal to L, we first produce a sample
from the law of the time-reversal of a 3/2-stable Le´vy excursion conditioned to have
maximum at least L run until the last time that it hits L conditioned to hit 0 precisely
after being run for jδ units of Le´vy process time, then r units of CSBP time (i.e., after
performing a time-change as in (2.30)). The surface is then constructed by associating
with each jump a conditionally independent quantum disk whose boundary length is
equal to the size of the jump. In the first jδ units of quantum natural time, each chunk
of surface which corresponds to δ-units of quantum natural time corresponds to an
SLE6 necklace and the necklaces are glued together by gluing the tip of one necklace
onto the previous necklaces at a uniformly random point chosen from the quantum
boundary measure. In the last r units of quantum distance time, the surface is given
by a reverse metric exploration.
We can make a comparison between the law of the surface parameterized by Γ˜r,δjδ and
that of a quantum disk weighted by its quantum area with quantum boundary length
equal to L as follows. First, we recall that this latter law can be encoded using the
time-reversal of a 3/2-stable Le´vy excursion with maximum at least L starting from
where it last hits L and then run until it first hits 0.
Let ρ(s, L) be the density with respect to Lebesgue measure on R+ for hitting 0 at
time s for the time-reversal of a 3/2-stable CSBP excursion starting from when it last
hits L and let ρj,δ(s, L) be the density at s for the time-reversal of a 3/2-stable CSBP
excursion starting from when it last hits L to hit 0 after jδ units of Le´vy process time
and then s units of CSBP time. Let X (resp. L) be the boundary length of the surface
at time r − ζ (resp. the initial surface). Then the Radon-Nikodym derivative between
the law of the process which encodes the first type of surface described above up until
r − ζ units of quantum distance time after jδ units of quantum natural time with
respect to the law of the second type of surface described above up until the same time,
by a Bayes’ rule calculation, is equal to
ρ(ζ,X)
ρj,δ(r, L)
. (8.9)
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For r, ζ, and L fixed, it is easy to see that this Radon-Nikodym derivative is a bounded,
continuous function of X (and the bound only depends on r, ζ, L). Moreover, if C > 1
and r, ζ are fixed, the bound is also uniform in L ∈ [C−1, C].
We consider three laws on disk-homeomorphic growth-process-decorated quantum sur-
faces with fixed quantum boundary length L:
Law 1: A quantum disk weighted by its quantum area with quantum boundary length
equal to L (i.e., M1,LDISK) decorated by the growth process which evolves as the
δ-approximation to QLE(8/3, 0) for jδ units of quantum natural time and then
as a QLE(8/3, 0) for r− ζ units of quantum distance time conditioned not to hit
the uniformly random marked point.
Law 2: A quantum disk weighted by its quantum area with quantum boundary length
equal to L (i.e., M1,LDISK) decorated by the growth process which evolves as the
δ-approximation to QLE(8/3, 0) for jδ units of quantum natural time and then
as a QLE(8/3, 0) for r−ζ units of quantum distance time weighted by the Radon-
Nikodym derivative in (8.9) (with the value of ζ fixed).
Law 3: The growth-process-decorated quantum surface which arises by running the re-
verse metric exploration for r units of quantum distance time and then the δ-
approximation to the reverse metric exploration for jδ units of quantum natural
time, conditioned on having quantum boundary length L at the terminal time.
Then we know that:
• We can transform from Law 3 to Law 2 by cutting out the last ζ units of quantum
distance time of the QLE(8/3, 0) and then gluing in a quantum disk weighted by
quantum area decorated by a uniformly random marked point. The continuation
of the growth process is given by the metric exploration from the boundary of
the disk which has been glued in. (This is analogous to the argument illustrated
in Figure 7.2.)
• We can transform from Law 2 to Law 1 by unweighting by the Radon-Nikodym
derivative in (8.9).
As we will see momentarily, Law 1 is the one which is easiest to make the comparison
with a
√
8/3-quantum wedge (hence apply Proposition 6.1 and Proposition 6.2). This
is because when we parameterize a quantum disk by S , then the local behavior of the
field near the marked points at ±∞ is the same as that of a √8/3-quantum wedge near
its origin (i.e., the finite marked point). On the other hand, to prove Proposition 8.1
we will need to work with Law 3.
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8.2.4 Comparison of explored surface near wr,δj to a
√
8/3-quantum wedge
We are now going to introduce events on which we will truncate when making the
comparison to a
√
8/3-quantum wedge. In what follows, we will indicate a quantity
associated with Law 1 (resp. Law 2) using the notation a˙ (resp. a¨). In other words, one
(resp. two) dots indicates Law 1 (resp. Law 2). We will indicate quantities associated
with Law 3 in a manner which is consistent with the notation from the preceding text.
Suppose that (D, h¨) is a quantum surface with Law 2 described just above in the case
that j = 0. We assume that we have taken the embedding of the surface so that the
marked point is equal to 0. Fix a function φ ∈ C∞0 (S ) with φ ≥ 0 and
∫
φ(z)dz =
1. For each r > 0, M,C > 1, and ζ ∈ (0, r) we let ΨφM be the set of conformal
transformations ψ : D → D where D ⊆ S contains supp(φ) with |ψ′(z)| ∈ [M−1,M ]
for all z ∈ ψ−1(supp(φ)) and let Gr,δζ,M,C be the event that:
inf{(h¨+Q log |ψ′|, |ψ′|2φ ◦ ψ) : ψ ∈ ΨφM} ≥ −C.
Lemma 8.4. For r,M fixed, the probability under the law considered just above for
which Gr,δζ,M,C occurs tends to 1 as C →∞ uniformly in δ.
Proof. This follows from the argument given in [DMS14, Proposition 10.18 and Propo-
sition 10.19] as in [DMS14, Section 10].
Let (S , hr,δj ,Γ
r,δ,j) be the growth-process decorated surface with Law 3 which arises
after performing j steps of the time-reversal of the SLE6 unexplored-domain process
after r units of quantum distance time and we let (S , h˙r,δj , Γ˙
r,δ,j) and (S , h¨r,δj , Γ¨
r,δ,j)
be growth-process decorated surfaces with Law 1 and Law 2, respectively. We assume
that (S , hr,δj ,Γ
r,δ,j) and (S , h¨r,δj , Γ¨
r,δ,j) have been coupled together so that the surfaces
parameterized by Γr,δ,j and Γ¨r,δ,j agree except for the last ζ units of quantum distance
time. In other words, it is possible to transform from the former to the latter using the
cutting/gluing operation described at the end of Section 8.2.3 just above. We take the
embedding for (S , h¨r,δj ) into S by taking the tip of the SLE6 necklace just glued in
(i.e., at time j) to be −∞ and we then pick another point uniformly from the quantum
boundary measure in the complement of the interval with quantum length (2C)−1
centered at the tip and send this point to +∞. We take the horizontal translation so
that the target point z¨r,δj of Γ¨
r,δ,j has real part equal to 0.
For each j, we let w¨r,δj (resp. N¨ r,δj ) be the point on ∂Γ¨r,δjδ (resp. SLE6 necklace) which
corresponds to wr,δj (resp. N r,δj ). Under the coupling that we have constructed, we have
that N¨ r,δj is equal to N r,δj (as path decorated quantum surfaces).
We also let F r,δj,M,C be the event that:
1. The quantum boundary length of (S , h¨r,δj ) is in [C
−1, C].
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2. The quantum area of (S , h¨r,δj ) is in [C
−1, C].
3. The Euclidean distance between ∂S ∪Γ¨r,δ,jjδ and the support of φ is at least M−1/2.
The same is also true with z¨r,δj in place of supp(φ).
Note that the third condition of the definition of F r,δj,M,C implies that the following is
true. Let ψ be the unique conformal transformation D → S \ Γ¨r,δ,jjδ with ψ(0) = z¨r,δj
and ψ′(0) > 0. Then, by the distortion theorem, there exists a constant c0 > 0 such
that |ψ′(z)| ≥ c0M−1/2 for all z ∈ ψ−1(supp(φ)). In particular, |ψ′(z)| ∈ [M−1,M ] for
all z ∈ ψ−1(supp(φ)) provided M is at least some universal constant. Thus if we assume
that we are working on the event Gr,δζ,M,C so that ψ ∈ ΨφM , by the change of coordinates
formula for quantum surfaces we have that (h¨r,δj , φ) = (h¨+Q log |ψ′|, |ψ′|2φ ◦ψ) ≥ −C.
Lemma 8.5. For each C > 1 and ζ > 0 there exists a constant K > 0 such that on
the event that the quantum boundary length of (S , h¨r,δj ) is in [C
−1, C] we have that the
Radon-Nikodym derivative between the law of (S , h¨r,δj , Γ¨
r,δ,j) and (S , h˙r,δj , Γ˙
r,δ,j) is at
most K.
Proof. This follows by combining the observations made just after (8.9).
Lemma 8.6. Suppose that (S , ĥ) has the Bessel quantum disk law conditioned on
the event that supr∈R(ĥ, φ(· + r)) ≥ 0 and let r∗ be the value of r ∈ R at which the
supremum is achieved. Let Y ∗ be equal to the value of the projection of ĥ onto H1(S )
at r∗. There exist constants c0, c1 > 0 such that
P[|Y ∗ − (ĥ, φ(·+ r∗))| ≥ u] ≤ c0e−c1u2 for all u ≥ 0.
Proof. This is immediate from the construction.
Lemma 8.7. We assume that we are working on Gr,δζ,M,C∩F r,δj,M,C. There exist constants
c0, c1 > 0 depending only on C,M, ζ such that the following is true. The probability
that the supremum of the projection of h¨r,δj onto H1(S ) is smaller than u is at most
c0e
−c1u2 for all u ∈ R−.
Proof. Let ψ : D→ S \Γ¨r,δ,jjδ be the unique conformal map with ψ(0) = z¨r,δj and ψ′(0) >
0. As explained above, it follows from the definition of the event Gr,δζ,M,C ∩ F r,δj,M,C that
(h¨+Q log |ψ′|, |ψ′|2φ ◦ψ) ≥ −C. Applying the change of coordinates rule for quantum
surfaces, this implies that (h¨r,δj , φ) ≥ −C. Note that on Gr,δζ,M,C ∩F r,δj,M,C , the law of h¨r,δj
(modulo horizontal translation) is absolutely continuous with bounded Radon-Nikodym
derivative with respect to the law on distributions which comes from the Bessel law
conditioned on quantum disks so that supr∈R(ĥ, φ(· + r)) ≥ −C. Consequently, the
result follows by applying Lemma 8.6.
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Assuming that ζ,M,C are fixed, we can choose c sufficiently large so that with c0, c1
as in the statement of Lemma 8.7 we have with
u0 = −c
√
log δ−1 (8.10)
that c0e
−c1u20 ≤ δ2. For each j ∈ N and α > 0, we let u¨rj,α,δ ∈ R be where the
projection of h¨r,δj onto H1(S ) first hits α log δ; we take u¨rj,α,δ = +∞ if the supremum
of this projection is smaller than α log δ. We also let Hr,δj,α be the event that
1. The supremum of the projection of h¨j onto H1(S ) is at least u0.
2. T r,δj ≤ δ2/3−α where T r,δj is the quantum length of the top of N r,δj (equivalently,
of N¨ r,δj ).
3. N¨ r,δj is contained in S− + u¨rj,α,δ.
4. Let (S , h´j−1) be the quantum surface which is given by re-embedding the quan-
tum surface (S , h¨r,δj−1) so that the point on ∂S where the tip of N¨ r,δj is glued
to form the quantum surface (S , h¨r,δj ) is sent to −∞ (with +∞ fixed and the
horizontal translation left unspecified). Let u´rj−1,α,δ be where the projection of
h´j−1 onto H1(S ) first hits α log δ. Then the interval of the boundary of (S , h´j−1)
to where N¨ r,δj gets glued to is contained in ∂S− + u´rj−1,α,δ.
We then let Er,δj,ζ,M,C,α = G
r,δ
ζ,M,C ∩ F r,δj,M,C ∩Hr,δj,α and En,r,δζ,M,C,α = ∩nj=1Er,δj,ζ,M,C,α.
We will now combine the estimates established earlier to get that it is possible to adjust
the parameters in the definition of En,r,δζ,M,C,α so that it occurs with probability as close
to 1 as we like.
Lemma 8.8. For every , a0 > 0 there exists M,C > 1, α, ζ, δ0 > 0, and φ ∈ C∞0 (S )
such that δ ∈ (0, δ0) implies that P[(En,r,δζ,M,C,α)c] ≤  where n = ba0δ−1c.
Proof. We explained just after the definition of Gr,δζ,M,C why there exists M,C > 1 and
ζ > 0 such that P[(Gr,δζ,M,C)
c] ≤ . Therefore it is left to explain why we have the
corresponding property for ∩nj=1F r,δj,M,C and ∩nj=1Hr,δj,α.
From the definition of F r,δj,M,C , elementary distortion estimates for conformal maps, and
elementary estimates for Le´vy processes, it is easy to see that by choosing M,C >
1 sufficiently large and by making the support of φ sufficiently small, we have that
P[(∩nj=1F r,δj,M,C)c] ≤ .
It is left to explain why P[(∩nj=1Hr,δj,α)c] ≤ . The first two parts of the definition follow
from Lemma 2.8 and Lemma 8.7. The second two parts of the definition respectively
follow from (6.3) of Proposition 6.1 and (6.6) of Proposition 6.2.
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8.2.5 Moment bounds
For each j, we let Dr,δj (resp. D¨
r,δ
j ) denote the quantum distance between w
r,δ
j (resp. w¨
r,δ
j )
and wr,δj+1 (resp. w¨
r,δ
j+1) with respect to the internal metric of (S , h
r,δ
j ) (resp. (S , h¨
r,δ
j )).
We let Sr,δj be the event that the shortest path from w
r,δ
j to w
r,δ
j+1 does not hit the part
of the surface that we cut out in order to transform from (S , hr,δj ) to (S , h¨
r,δ
j ). On
Sr,δj , we have that D
r,δ
j = D¨
r,δ
j . We note that this is the case for all 1 ≤ j ≤ n on
En,r,δζ,M,C,α.
Fix a0 > 0 and let n = ba0δ−1c as in the statement of Lemma 8.8. Suppose that Q is
any event. Using that Dr,δj = 0 on (A
r,δ
j )
c in the last step, we have that
E
[(
n∑
j=1
Dr,δj
)
1En,r,δζ,M,C,α
1Q
]
= E
[(
n∑
j=1
D¨r,δj
)
1En,r,δζ,M,C,α
1Q
]
≤
n∑
j=1
E
[
D¨r,δj 1F r,δj,M,C∩Hr,δj,α1Q
]
=
n∑
j=1
E[D¨r,δj 1F r,δj,M,C∩Hr,δj,α1Q |A
r,δ
j ]P[A
r,δ
j ]. (8.11)
We next aim to bound the right hand side of (8.11).
Lemma 8.9. There exist constants c0, σ > 0 such that
E[D¨r,δj 1F r,δj,M,C∩Hr,δj,α1Q |A
r,δ
j ] ≤ c0δ1/3P[Q]σ. (8.12)
Proof. We let D´r,δj be the quantum distance (with respect to the internal metric of
(S , h¨r,δj )) between the tip of N¨ r,δj and a point which is chosen uniformly at random from
the quantum measure on the top of N¨ r,δj . Conditionally on Ar,δj , we have by Lemma 8.3
that D´r,δj
d
= D¨r,δj . Let p > 1 be such that both Proposition 6.1 and Proposition 6.2
apply and let q ∈ (1,∞) be conjugate to p, i.e., p−1 + q−1 = 1. We begin by noting
that:
E[D¨r,δj 1F r,δj,M,C∩Hr,δj,α |A
r,δ
j ] = E[D´
r,δ
j 1F r,δj,M,C∩Hr,δj,α |A
r,δ
j ]
≤ c0E[D´r,δj T r,δj 1F r,δj,M,C∩Hr,δj,α ] (by Lemma 8.3)
≤ c0E[(D´r,δj )p1F r,δj,M,C∩Hr,δj,α ]
1/pE[(T r,δj )
q]1/q (Ho¨lder’s inequality)
≤ c1E[(D´r,δj )p1F r,δj,M,C∩Hr,δj,α ]
1/p (by Lemma 2.8).
We note that the constant c1 depends on q. By Lemma 8.5, we know that there exists
a constant K > 0 such that
E[(D´r,δj )
p1F r,δj,M,C∩Hr,δj,α ]
1/p ≤ KE˙[(D´r,δj )p1Hr,δj,α ]
1/p
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where E˙ denotes the expectation under the law (S , h˙r,δj , Γ˙
r,δ,j). We let D´1,r,δj denote
the quantum distance between the base and the tip of N¨ r,δj and we let D´2,r,δj denote the
quantum distance between the tip of N¨ r,δj and the uniformly random point w¨r,δj on the
top of N¨ r,δj in the surface which arises after cutting out N¨ r,δj . We will establish (8.12)
by bounding the pth moments of D´1,r,δj and D´
2,r,δ
j .
By the definition of the event Hr,δj,α, we have that Re(w¨
r,δ
j ) ≤ u¨rj,α,δ. Note that the law
of the field h˙r,δj in S− + u˙
r
j,α,δ is absolutely continuous with bounded Radon-Nikodym
derivative to the law of a
√
8/3-quantum wedge with the usual embedding into S
restricted to the part of S up to where the projection of the field onto H1(S ) first
hits α log δ. Consequently, it follows from Proposition 6.2 that for a constant c2 > 0
we have that
E˙[(D´2,r,δj )
p1Hr,δj,α
]1/p ≤ c2δ1/3. (8.13)
It similarly follows from Proposition 6.1 that, by possibly increasing the value of c2 > 0,
we have that
E˙[(D´1,r,δj )
p1Hr,δj,α
]1/p ≤ c2δ1/3. (8.14)
Combining (8.13) and (8.14) implies the result.
Proof of Proposition 8.1. We take the path that we have constructed and parameterize
it according to arc length with respect to the quantum distance. Using (8.11) and
the fact that the conditional probability of Ar,δj given that the boundary length is not
too short is of order δ2/3 (since T r,δj is of order δ
2/3 and has exponential moments), it
follows from Lemma 8.8 and Lemma 8.9 that the length of ηr,δ|[0,T ] is tight as δ → 0.
Since the length of ηr,δ|[0,T ] is equal to its Lipschitz constant (as we assume ηr,δ to be
parameterized according to arc length), it follows that the law of ηr,δ|[0,T ] is in fact
tight as δ → 0. This completes the proof of the tightness of the law of ηr,δ|[0,T ] for each
T > 0.
Let ηr be any subsequential limit. Lemma 8.2 implies that for any fixed t > 0 we
have that ηr(t) ∈ ∂B•Q(x, dQ(x, y) − (t + r)) a.s. Therefore this holds a.s. for all
t ∈ Q+ simultaneously and, combining with the continuity of ηr, we have that ηr(t) ∈
∂B•Q(x, dQ(x, y)− (t+ r)) for all t > 0 a.s.
The conditional independence statement in the limit is immediate since it holds for the
approximations.
The final assertion of the proposition is immediate from the argument given above.
8.2.6 Boundary lengths between second approximations of geodesics
Proposition 8.10. Fix r > 0 and suppose that (S, x, y) has the law M2SPH conditioned
so that dQ(x, y) > r. Suppose that x1, . . . , xk are picked independently from the quantum
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wr,1,δj−1
wr,2,δj−1
Γ˜r,δ0
N r,δj
Γ˜r,δ(j−1)δ
Figure 8.4: Illustration of the argument to prove Proposition 8.10, which states that
the boundary lengths between second approximations to geodesics evolve as indepen-
dent 3/2-stable CSBPs. The green region parameterizes Γ˜r,δ0 , which we recall is equal
to the reverse metric exploration at time r and the disk parameterizes Γ˜r,δ(j−1)δ. The
orange paths are first approximations to geodesics starting from points wr,1,δ0 , w
r,2,δ
0 ,
which are independently chosen from the quantum boundary measure on ∂Γ˜r,δ0 . Shown
is the SLE6 necklace N r,δj which is about to be glued to the surface parameterized by
Γ˜r,δ(j−1)δ to form Γ˜
r,δ
jδ . In the case that the top of N r,δj is contained in the counterclockwise
(resp. clockwise) segment from wr,1,δj−1 to w
r,2,δ
j−1 , the boundary length of the corresponding
segment gets an increment of δ units of Le´vy process time. In the case that the top
of N r,δj is glued to an interval which contains either wr,1,δj−1 or wr,2,δj−1 , then the boundary
lengths of both segments are changed. Since the probability that this happens is of
order δ2/3 (i.e., proportional to the quantum length of the top of N r,δj ) and there are of
order δ−1 necklaces overall, the number of such necklaces will be of order δ−1/3. Since
the change to the boundary lengths which result from such a necklace is of order δ2/3,
the overall change to the boundary lengths which results from such necklaces will be
of order δ1/3, hence tend to 0 in the δ → 0 limit.
boundary measure on ∂B•Q(x, dQ(x, y) − r) and then reordered to be counterclockwise.
We let ηr1, . . . , η
r
k be second approximations to geodesics starting from x1, . . . , xk as
constructed in Proposition 8.1. For each 1 ≤ j ≤ k and t ∈ [0, dQ(x, y)−r] we let Xr,jt be
the quantum boundary length of the counterclockwise segment of ∂B•Q(x, dQ(x, y)− (r+
t)) between ηrj (t) and η
r
j+1(t) (with the convention that η
r
k+1 = η
r
1). Given X
r,1
0 , . . . , X
r,k
0 ,
the processes Xr,jt evolve as independent 3/2-stable CSBPs with initial values X
r,j
0 .
Proof. We will prove the result in the case that k = 2 for simplicity; the proof for general
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values of k ∈ N with k ≥ 3 follows from the same argument. See Figure 8.4 for an
illustration. We will prove the result by showing that Xr,1t , X
r,2
t have the property that if
we reparameterize the time for each using the time change
∫ t
0
Xr,js ds, then the resulting
processes evolve as independent 3/2-stable Le´vy processes. This suffices because if we
invert the time change, then the Lamperti transform (recall (2.31)) implies that the
resulting processes (i.e., we recover Xr,1, Xr,2) are independent 3/2-stable CSBPs.
We fix δ > 0 and consider the boundary lengths between two points as in the construc-
tion of the first approximations to geodesics. As earlier, for each j we let wr,1,δj , w
r,2,δ
j be
the locations of the two marked points when we have glued on the jth SLE6 necklace.
We let Xr,1,δt , X
r,2,δ
t be the quantum boundary lengths between the points and assume
that we have the quantum distance parameterization for the overall boundary length
process Xr,δt in the δ-approximation to the reverse metric exploration. We let σ
r,δ
j be
the jth time that the top of a necklace gets glued to one of the marked points and we
let τ r,δj be the end time of that necklace (τ
r,δ
j occurs δ units of quantum natural time
after σr,δj ). For each t > 0 we let I
r,j,δ
t = 1 (resp. I
r,j,δ
t = 0) if the starting point of the
necklace being glued in at time t is in the counterclockwise (resp. clockwise) segment
between wr,j,δj and w
r,3−k,δ
j . Let
Ar,j,δt =
∫ t
0
Ir,j,δs X
r,δ
s ds.
We will first argue that Ar,j,δt −
∫ t
0
Xr,j,δs ds→ 0 in L1 as δ → 0.
For each s ≥ 0 we let s = dδ−1seδ. We have that
E
∣∣∣∣∫ t
0
Ir,j,δs X
r,δ
s ds−
∫ t
0
Xr,j,δs ds
∣∣∣∣ ≤ E∣∣∣∣∫ t
0
Ir,j,δs X
r,δ
s ds−
∫ t
0
Xr,j,δs ds
∣∣∣∣+∫ t
0
E|Xr,j,δs −Xr,j,δs |ds+
∫ t
0
E|Xr,δs −Xr,δs |ds.
(8.15)
We note that the second term on the right hand side of (8.15) tends to 0 as δ → 0
because we have for each fixed s ∈ [0, t] that |Xr,j,δs − Xr,j,δs | → 0 in probability as
δ → 0 and there exists a constant c > 0 and p > 1 so that E|Xr,j,δs −Xr,j,δs |p ≤ c for all
s ∈ [0, t]. The third term on the right hand side of (8.15) tends to 0 as δ → 0 for the
same reason.
We will now argue that the first term on the right hand side of (8.15) tends to 0 if we
take a limit as δ → 0. To see this, we assume that t is an integer multiple of δ, we
let L = t/δ. Since the values of Ir,j,δs , X
r,δ
s , X
r,j,δ
s do not change in an interval of the
form (kδ, (k + 1)δ], we can write the first term on the right hand side of (8.15) as the
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expectation of the absolute value of∫ t
0
(
Ir,j,δs −
Xr,j,δs
Xr,δs
)
Xr,δs ds = δ
L∑
k=0
∆r,δk X
r,δ
kδ where
∆r,δk =
(
Ir,j,δkδ −
Xr,j,δkδ
Xr,δkδ
)
.
(8.16)
Note that the |∆r,δk | ≤ 1 for each k and
E[Ir,j,δkδ |Xr,j,δkδ , Xr,δkδ ] =
Xr,j,δkδ
Xr,δkδ
.
Consequently, M r,δn =
∑n
k=0 ∆
r,δ
k X
r,δ
kδ is a martingale whose increments have a uniformly
bounded pth moment for some p > 1 (as Xr,δkδ has a uniformly bounded pth moment
for some p > 1). It therefore follows that the first term in the right hand side of (8.15)
tends to 0 as δ → 0.
We let Br,j,δt be the right-continuous inverse of A
r,j,δ
t . For a given value of t > 0 and
each k, we also let τ˜ r,j,δk = t ∧ Ar,j,δτr,δk and σ˜
r,j,δ
k = t ∧ Ar,j,δσr,δk . Then we note that we can
write
Xr,j,δ
Br,j,δt
=
∑
k
(
Xr,j,δ
Br,j,δ
σ˜
r,j,δ
k+1
−Xr,j,δ
Br,j,δ
τ˜
r,j,δ
k
)
+
∑
k
(
Xr,j,δ
Br,j,δ
τ˜
r,j,δ
k
−Xr,j,δ
Br,j,δ
σ˜
r,j,δ
k
)
. (8.17)
To finish the proof, we need to show that in the limit as δ → 0 we have that Xr,j,δ
Br,j,δt
evolves as a 3/2-stable Le´vy process. We will establish this by showing that the first
term in (8.17) in the δ → 0 limit evolves as 3/2-stable Le´vy process and the second
term in (8.17) tends to 0 as δ → 0.
We begin with the second term in the right hand side of (8.17). We note that the
probability that a necklace hits one of the marked points is proportional to the quantum
length of the top of the necklace. By Lemma 2.8, we know that it is exponentially
unlikely for this length to be larger than a constant times δ2/3. Since the total number
of necklaces is of order δ−1, we see that there will be with high probability δ−1/3
necklaces whose top is glued to one of the marked points. The change in the boundary
length for the left (resp. right) side of (8.17) evolves like a 3/2-stable Le´vy process and
these Le´vy processes are independent across necklaces. So the overall magnitude of the
error which comes from necklaces of this type is dominated by the supremum of the
absolute value of a 3/2-stable Le´vy process run for time of order δ × δ−1/3 = δ2/3. We
conclude that the amount of change which comes from these time intervals tends to 0
as δ → 0.
We now turn to the first term in the right hand side of (8.17). In each of the other
intervals we know that the boundary length evolves as a 3/2-stable Le´vy process. The
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total amount of Le´vy process time for each of the two sides is equal to t minus the time
which corresponds to those necklaces whose top was glued to a marked point. As we
have just mentioned above, this corresponds to time of order δ2/3 and therefore makes
a negligible contribution as δ → 0.
8.3 Third approximations to geodesics and the 3/2-Le´vy net
We will now show that the statement of Proposition 8.10 holds in the setting of geodesics
starting from the boundary of a filled metric ball.
Proposition 8.11. Fix r > 0 and suppose that (S, x, y) has the law M2SPH conditioned
so that dQ(x, y) > r. Suppose that x1, . . . , xk are picked independently from the quantum
boundary measure on ∂B•Q(x, dQ(x, y) − r) and then reordered to be counterclockwise.
We let ηr1, . . . , η
r
k be the a.s. unique (recall Proposition 5.19) geodesics from x1, . . . , xk
to x. For each 1 ≤ j ≤ k and t ∈ [0, dQ(x, y)− r] we let Xj,rt be the quantum boundary
length of the counterclockwise segment of ∂B•Q(x, dQ(x, y)− (r + t)) between ηrj (t) and
ηrj+1(t) (with the convention that η
r
k+1 = η
r
1). Given X
r,1
0 , . . . , X
r,k
0 , the processes X
r,j
t
evolve as independent 3/2-stable CSBPs with initial values Xr,j0 .
In order to prove Proposition 8.11, we will need to construct our third approximations
to geodesics. We will carry this out in Section 8.3.1. We will then compare these third
approximations with the second approximations in Section 8.3.2. This comparison
together with a scaling argument will lead to Proposition 8.11.
8.3.1 Construction of third approximations to geodesics
Lemma 8.12. For each  > 0 and C > 1 there exists L0,M0 > 0 such that for all
L ≥ L0 and M ≥ M0 the following is true. Suppose that B has the law BL,1 (i.e.,
is a metric band with inner boundary length L and width 1) and that w is chosen
uniformly at random from the quantum measure restricted to the inner boundary of the
band. Let η be the path from w to the outer boundary of the band as constructed in
Proposition 8.1 (i.e., a second approximation to a geodesic), let z be the point on the
outside of the band where this path terminates, and let IM be the interval of quantum
length M on the outside of the band which is centered at z. Let EC be the event that
the quantum boundary length of the outer boundary of the reverse metric exploration
starting from the inner boundary of B and terminating at the outer boundary of B stays
in [C−1L,CL]. Conditionally on EC, we have that the expected distance inside of B
starting from z to a point on IM is at most 1 + .
See Figure 8.5 for an illustration of the statement of Lemma 8.12. We call a shortest
length path in a metric band as in the statement of Lemma 8.12 which connects z to
the closest point to z along IM a third approximation to a geodesic. We first record the
following before giving the proof of Lemma 8.12.
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Bw
z
IM η
Figure 8.5: Illustration of the statement of Lemma 8.12. Shown is a metric band B
with inner boundary length L and width 1 together with a second approximation of a
geodesic η starting from a uniformly random point w chosen on the inner boundary of
B and the length M interval IM starting from the point z where η terminates on the
outer boundary of B. Lemma 8.12 implies that, if M is large enough, then the expected
distance from w to IM is at most 1 + .
Lemma 8.13. For each ,D > 0 there exists L0,M0 > 0 such that for all L ≥ L0 and
M ≥ M0 the following is true. Suppose that B has the law BL,1 (i.e., is a metric band
with inner boundary length L and width 1) and that w is chosen uniformly at random
from the quantum measure restricted to the inner boundary of the band. Let η be the
path from w to the outer boundary of the band as constructed in Proposition 8.1 (i.e., a
second approximation to a geodesic) let z be the point on the outside of the band where
this path terminates, and let IM be the interval of quantum length M on the outside of
the band which is centered at z. The probability that the quantum distance between the
complement of IM in the outer boundary to w is at least D is at least 1− .
Proof. This is a consequence of Proposition 7.9 combined with Proposition 8.1.
Proof of Lemma 8.12. For each j, we let Ij be the interval of quantum length j centered
at z as in the statement of the proposition and let Xj be the distance from w to Ij
inside of B. Then we have that Xj+1 ≤ Xj for every j. We also have that X0 is at
most the length of η. We also know that Xj = 1 on the event Fj that the geodesic
terminates in Ij since B has width 1. Then we have that
E[Xj |EC ] = E[Xj(1Fj + 1F cj ) |EC ] ≤ 1 + E[X01F cj |EC ].
Lemma 8.13 implies that by adjusting the parameters, we can make P[F cj |EC ] as small
as we like. Therefore the result follows from the uniform integrability of the length of
η on EC established in Proposition 8.1.
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8.3.2 Subsequential limits of rescalings of concatenations of third approx-
imations of geodesics are geodesics
w2,r0
k
η1
η2
w1,r0
B1
B2
w1,r1 w
2,r
1
w1,r2 w
2,r
2
z1,r1 z
1,r
1
z1,r2 z
2,r
2
Figure 8.6: Illustration of the comparison argument used to prove Proposition 8.11,
which implies that the boundary lengths between geodesics from the boundary of the
reverse metric exploration up to time r back to the root evolve as independent 3/2-
stable CSBPs. Each of the k layers shown represents a metric band of a fixed width
(where each band is as illustrated in Figure 7.4). Each of the blue paths represents
a second approximation to a geodesic and each of the red paths represents a third
approximation of a geodesic. Note that the terminal point of each of the red paths is
contained in a green interval centered at the corresponding second approximation to a
geodesic. These green intervals each have quantum length equal to a fixed constant M .
The evolution of the boundary lengths between the blue paths is given by independent
3/2-stable CSBPs. By construction, the evolution of the boundary lengths between
the red paths is then close to being that of independent 3/2-stable CSBPs. Due to
the way that boundary lengths and quantum distances scale, this error can be made
to be arbitrarily small by first taking k to be large and then rescaling. We will then
argue that we can make the red paths as close to geodesics as we like by taking  > 0
very small, which in turn implies that boundary lengths between geodesics evolve as
independent 3/2-stable CSBPs.
We need to establish one more lemma before completing the proof of Proposition 8.11.
Lemma 8.14. Fix α ∈ (1, 2) and for y0 ≥ 0 let Yt be an α-stable CSBP with Y0 = y0.
There exists a constant c0 > 0 depending only on α such that
sup
y0≥0
E[|Y1 − y0|] ≤ c0.
Proof. Since an α-stable CSBP is both non-negative and a martingale, we have that
E[|Y1 − y0|] ≤ E[Y1] + y0 = 2y0. (8.18)
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It follows from (8.18) that the claim clearly holds for all y0 ≤ 1 with c0 = 2. We now
suppose that y0 ≥ 1 and let τ = inf{t ≥ 0 : Yt ≤ 1}. We then have that
E[|Y1 − y0|] = E
[|Y1 − y0|1{τ≤1}]+ E[|Y1 − y0|1{τ>1}] . (8.19)
For the first term, we note that
E
[|Y1 − y0|1{τ≤1}] ≤ E[Y11{τ≤1}]+ y0P[τ ≤ 1] = (1 + y0)P[τ ≤ 1], (8.20)
where we used the strong Markov property for Y at the stopping time τ in the final
equality. It is easy to see that there exists pα > 0 which does not depend on the value
of y0 such that
P[Y2 = 0 | τ ≤ 1] ≥ pα.
By rearranging the lower bound for this conditional probability in the first step below
and in the second step using the explicit form of the Laplace transform of the law of
Y2 (recall (2.25) and (2.32)), we have for a constant cα > 0 depending only on α that
P[τ ≤ 1] ≤ 1
pα
P[Y2 = 0] ≤ 1
pα
lim
λ→∞
E[e−λY2 ] =
1
pα
e−cαy0 . (8.21)
Inserting the upper bound in (8.21) into (8.20) implies that the first term in the right
side of (8.19) is clearly bounded in y0 ≥ 1. By the Lamperti transform (2.30), we note
that we can represent Y as the time change of a 3/2-stable Le´vy process X. On the
event {τ > 1}, the amount of Le´vy process time which has passed in one unit of time
for Y is at most 1. Consequently, if we let St (resp. It) denote the running infimum
(resp. supremum) of X then we have that the second term in (8.19) is bounded from
above by
E
[|Y1 − Y0|1{τ>1}] ≤ E[S1 −X0] + E[X0 − I1]. (8.22)
This completes the proof as both expectations on the right hand side of (8.22) are finite
[Ber96].
We can now complete the proof of Proposition 8.11. See Figure 8.6 for an illustration
of the argument.
Proof of Proposition 8.11. Fix α ∈ (0, 1). Fix  > 0, C > 1, and let L0,M0 be as in
Lemma 8.12 for these values of , C. Fix r, s > 0 and assume that (S, x, y) is sampled
from M2SPH conditioned on both:
• dQ(x, y) > r
√
L and
• the quantum boundary length of the boundary of the reverse metric exploration
at quantum distance time r
√
L being in [L,CL].
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That is, the quantum boundary length of ∂B•Q(x, dQ(x, y) − r
√
L) is contained in
[L,CL]. Let (Bj) be the sequence of width-1 metric bands in the reverse exploration
from S starting from ∂B•Q(x, dQ(x, y)− r
√
L) and targeted towards x. We let E be the
event that the boundary length of the reverse metric exploration starting from quantum
distance time r
√
L stays in [C−1L,CL] for quantum distance time s
√
L. By scaling
quantum lengths by L−1 so that quantum distances scale by L−1/2 (recall also the
scaling rules for 3/2-stable CSBPs from Section 2.5), we observe that the conditional
probability of E assigned by M2SPH conditioned as described just above is bounded from
below by a positive constant which depends only on C and s.
Assume that we have chosen L ≥ L0, M ≥M0, and that we have picked w1,r0 from the
quantum measure on the inner boundary of B1. Let w
1,r
1 be the point where the second
approximation to a geodesic starting from w1,r0 hits the outside of B1. Lemma 8.12
implies that, conditionally on E, the expected length of the shortest path starting
from w1,r0 and terminating in the quantum length M interval centered at w
1,r
1 is at
most 1 + . Let z1,r1 be the terminal point of this path. Assuming that w
1,r
1 , . . . , w
1,r
k
and z1,r1 , . . . , z
1,r
k have been defined, we let w
1,r
k+1 be the terminal point of the second
approximation of a geodesic starting from z1,rk across the band Bk+1 and we let z
1,r
k+1
be the terminal point of the shortest path starting from z1,rk and terminating in the
boundary length M interval centered at w1,rk+1. Lemma 8.12 implies that, conditionally
on E, the expected length of the this path is at most 1 + .
Let u1,r0 , u
1,r
1 , . . . be the points on the inner boundaries of the successive metric bands
visited by a second approximation to a geodesic starting from u1,r0 = w
1,r
0 .
For each k, we let S1,rk be the quantum length of the shorter boundary segment between
z1,rk and u
1,r
k . We know from the construction that
S1,rk ≤ Υ1,rk + ∆1,rk + S1,rk−1
where:
• |Υ1,rk | ≤M and
• ∆1,rk = Y k1 −Y k0 and Y k has the law of a 3/2-stable CSBP starting from Y k0 = S1,rk−1.
Lemma 8.14 implies that there exists a constant c1 > 0 such that E[|∆1,rk |] ≤ c1
uniformly in k. Consequently, the expectation of the absolute value of the overall
contribution to S1,rk coming from this term is at most c1k.
Combining, we thus see that
E[S1,rk ] ≤ (c0M + c1)k. (8.23)
Recall that if we rescale so that distances are multiplied by L−1/2, then quantum lengths
are rescaled by the factor L−1. Therefore if we rescale so that distances are rescaled
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by L−1/2, we have a pair of paths γr,1 and γ˜r,1 which connect ∂B•Q(x, dQ(x, y) − r) to
∂B•Q(x, dQ(x, y)−(r+s)) where γr,1 (resp. γ˜r,1) is a rescaled second approximation to a
geodesic (resp. rescaled concatenation of third approximations to geodesics). Moreover,
the expectation of the quantum length of the segment of ∂B•Q(x, dQ(x, y)−(r+s)) which
connects the tip of γr,1 to γ˜r,1 is at most(
c0M + c1
)
L1/2 × L−1 = (c0M + c1)L−1/2. (8.24)
Also, the conditional expectation of the length of γ˜r,1 is at most (1+ )s on E. Suppose
that γr,2, γ˜r,2 is another pair of such paths starting from a uniformly random point
on ∂B•Q(x, dQ(x, y) − r) which is conditionally independent (given the surface) of the
starting point of γ1,r, γ˜1,r. Then Proposition 8.10 implies that the boundary lengths
of the two boundary segments between γ1,r and γ2,r evolve as independent 3/2-stable
CSBPs when performing a reverse metric exploration. Indeed, Proposition 8.10 implies
that this is the case for second approximations to geodesics and, as this property is
scale invariant, it also holds for rescalings of second approximations to geodesics. Since
we can take M to be of constant order as L→∞, it follows from (8.24) that by taking
L to be very large we can arrange so that the distance between the tips of γ1,r, γ˜1,r
and γ2,r, γ˜2,r is arbitrarily small. In particular, as L → ∞, we find that the evolution
of the boundary lengths of the two segments of ∂B•Q(x, dQ(x, y) − (r + t)) converges
to that of a pair of independent 3/2-stable CSBPs. As  → 0, the length of γ˜1,r and
γ˜2,r converges to s. Thus Proposition 5.19 implies that γ˜1,r, γ˜2,r converge as  → 0 to
the a.s. unique geodesic which connects their starting points back to x. This statement
holds uniformly in L. Thus the result follows by taking limits first as L→∞, then as
→ 0, and then finally as C →∞.
8.3.3
√
8/3-LQG metric net is the 3/2-stable Le´vy net
We will now combine Proposition 7.4 with Proposition 8.15 to show that the law of the
metric net from x to y in a sample (S, x, y) from M2SPH is the same as in the 3/2-stable
Le´vy net of [MS15a].
Proposition 8.15. Suppose that (S, x, y) has law M2SPH. Then the law of the metric
net from x to y associated with S is equal to that of the 3/2-stable Le´vy net.
Proof. We recall that there are several equivalent definitions of the 3/2-stable Le´vy net
which are given in [MS15a]. We will make the comparison here between the construction
of the 3/2-stable Le´vy net given in [MS15a, Section 3.6], which is based on a breadth-
first approach.
Since we have shown in Proposition 7.4 that the overall boundary length of a filled
metric ball in a
√
8/3-LQG sphere evolves as a 3/2-stable CSBP excursion when one
explores the ball in the reverse direction, it follows that we can couple a
√
8/3-LQG
sphere with a 3/2-stable Le´vy net excursion so that these boundary lengths agree.
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We recall from the construction given in [MS15a, Section 3.6] that the boundary lengths
between geodesics starting from equally spaced points on the boundary of a metric ball
of radius d− r where r > 0 and d is the length of the 3/2-stable CSBP excursion used
to generate the 3/2-stable Le´vy net evolve as independent 3/2-stable CSBPs as the
radius of the ball varies between d − r and 0. The same is also true if the geodesics
start from randomly chosen points on the boundary of the ball and then ordered to be
counterclockwise.
For any fixed value of r, Proposition 8.11 implies that the same is true for the boundary
lengths between the geodesics in a reverse metric exploration of (S, x, y) which start
from points chosen i.i.d. from the quantum boundary measure. Therefore, for a fixed
value of r, we can couple these boundary lengths to be the same as in the 3/2-stable
Le´vy net. By sending the number of geodesics considered to ∞, we can couple so that
the boundary lengths of all of the (leftmost) geodesics starting from a fixed radius
back to x agree with the corresponding boundary lengths in the 3/2-stable Le´vy net
instance.
Now, using the conditional independence for the reverse exploration established in
Proposition 7.4, we can arrange so that the same is true for any finite number of r
values. Sending the number of r values to ∞, we obtain a coupling in which the whole
metric net agrees, from which the result follows.
8.4 Proof of Theorem 1.4 and Corollary 1.5
Proof of Theorem 1.4. Proposition 8.15 implies that, in a
√
8/3-LQG sphere sampled
from M2SPH, we have that the metric net from x to y has the same law as in the 3/2-
stable Le´vy net. [DMS14, Proposition 5.11] implies that the construction is invariant
under the operation of resampling x and y independently from the quantum measure
area. We also have the conditional independence of the unexplored region going in the
forward direction from the construction of QLE(8/3, 0) given in [MS15b]. Therefore
all of the hypotheses of Theorem 1.7 are satisfied, hence our metric measure space is
a.s. isometric to TBM. If we condition on the total mass of the surface being equal
to 1 then the resulting metric measure space is isometric to the standard unit-area
Brownian map measure.
Proof of Corollary 1.5. As explained just after the statement of Corollary 1.5, this
immediately follows from Theorem 1.4.
9 Open problems
We now state a number of open problems which are related to the present work.
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Problem 9.1. Compute the Hausdorff dimension of the outer boundary of a QLE(8/3, 0)
process, stopped at a deterministic time r. In other words, consider the outer boundary
of a dQ metric ball of radius r, interpret this as a random closed subset of the Euclidean
sphere or plane, and compute its (Euclidean) Hausdorff dimension.
To begin to think about this problem, suppose that z is chosen from the boundary
measure on a filled metric ball boundary. What does that surface look like locally
near z? We understand that the “outside” of the filled metric ball near z should look
locally like a weight 2 quantum wedge, and that the inside should be an independent
random surface—somewhat analogous to a quantum wedge—that corresponds to the
local behavior of a filled metric ball at a typical boundary point. If we had some basic
results about the interplay between metric, measure, and conformal structure near z,
such as what sort of (presumably logarithmic) singularity the GFF might have near z,
this could help us understand the number and size of the Euclidean balls required to
cover the boundary.
Problem 9.2. Compute the Hausdorff dimension of a
√
8/3-LQG geodesic (interpreted
as a random closed subset of the Euclidean sphere or plane).
As in the case of a metric ball, we can also consider the local structure near a point z
chosen at random from the length measure of a geodesic between some distinct points
a and b. This z lies on the boundary of a metric ball (of appropriate radius) centered at
a, and also on the boundary of a metric ball centered at z. These two ball boundaries
divide the local picture near z into four pieces, two of which look like independent
weight 2 wedges, and the other two of which look like the surfaces one gets by zooming
in near metric ball boundaries. As before, if we knew what type of GFF thick point z
corresponded to, this could enable to extract the dimension.
We emphasize that the KPZ formula cannot be applied in the case of either Prob-
lem 9.1 or Problem 9.2 because in both cases the corresponding random fractal is a.s.
determined by the underlying quantum surface. To the best of our knowledge, there
are no existing physics predictions for the answers to Problem 9.1 and Problem 9.2.
Problem 9.3. Show that a geodesic between two quantum typical points on a
√
8/3-
LQG sphere is a.s. conformally removable.
A solution of Problem 9.3 would imply the independence of geodesic slices from the
boundary of a filled metric ball back to its root. This, in turn, would allow us to
use [MS15a, Theorem 1.1] in place of Theorem 1.7 (i.e., [MS15a, Theorem 4.6]) to
check that the metric on
√
8/3-LQG induced by QLE(8/3, 0) is isometric to TBM.
We note that the coordinate change trick used to prove the removability of the outer
boundary of QLE given in [MS16e] does not apply in this particular setting because we
do not have an explicit description of the field which describes the quantum surface in
a geodesic slice. Related removability questions include establishing the removability
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of SLEκ for κ ∈ [4, 8) as well as the entire QLE(8/3, 0) trace (as opposed to just its
outer boundary).
Update: Problem 9.3 was solved in [MQ18].
In [MS16a], we will show that the embedding of TBM into
√
8/3-LQG constructed in
this article is a.s. determined by the instance of TBM, up to Mo¨bius transformation.
This implies that TBM comes equipped with a unique conformal structure, which in
turn implies that we can define Brownian motion on TBM, up to time-change, by taking
the inverse image of a Brownian motion on the corresponding
√
8/3-LQG instance
under the embedding map. The existence of the process with the correct time change
was constructed in [Ber15, GRV16] and some rough estimates of its associated heat
kernel have been obtained in [MRVZ16, AK16]. Following the standard intuition from
heat kernel theory, one might guess that the probability that a Brownian motion gets
from x to y in some very small  amount of time should scale with  in a way that
depends on the metric distance between x and y (since any path that gets from x to y in
a very short time would probably take roughly the shortest possible path). This leads
to the following question (left deliberately vague for now), which could in principle be
addressed using the techniques of this paper independently of [MS16a].
Problem 9.4. Relate the heat kernel for Liouville Brownian motion in the case that
γ =
√
8/3 to the QLE(8/3, 0) metric.
It has been conjectured that the heat kernel pt(x, y) should satisfy (for some constants
c0, c1 > 0) the bound
c0
t
exp
(
−dQ(x, y)
4/3
c0t1/3
)
≤ pt(x, y) ≤ c1
t
exp
(
−dQ(x, y)
4/3
c1t1/3
)
. (9.1)
See, for example, the discussion in [DB09].
A number of versions of the KPZ relation [KPZ88] have been made sense of rigorously in
the context of LQG [BS09, BGRV16, BJRV13, DMS14, DRSV14, DS11, RV11, GHM15,
Aru15]. One of the differences between these formulations is how the “quantum dimen-
sion” of the fractal set is computed.
Problem 9.5. Does the KPZ formula hold when one computes Hausdorff dimensions
using QLE(8/3, 0) metric balls?
In this article, we have constructed the metric space structure for
√
8/3-LQG and
have shown that in the case of a quantum sphere, quantum disk, and quantum cone
the corresponding metric measure space has the same law as in the case of TBM, the
Brownian disk, and the Brownian plane, respectively. The construction of the metric
is a local property of the surface, so we also obtain the metric for any other
√
8/3-
LQG surface. One particular example is the torus. The natural law on
√
8/3-torii
is described in [DRV16] and the Brownian torus, the scaling limit of certain types of
random planar maps, will be constructed in [BM].
115
Problem 9.6. Show that the
√
8/3-LQG torus of [DRV16], endowed with the metric
defined by QLE(8/3, 0) using the methods of this paper, agrees in law (as a random
metric measure space) with the Brownian torus of [BM].
Finally, a major open problem is to rigorously describe an analog of TBM that corre-
sponds to γ-LQG with γ 6= √8/3, to extend the results of this paper to that setting. A
partial step in this direction appears in [GHS16], which shows the existence of a certain
distance scaling exponent (but does not compute it explicitly).
Problem 9.7. Construct a metric on γ-LQG when γ 6= √8/3. Work out the appro-
priate dimension and scaling relations (as discussed in Section 1.4.1).
References
[AK16] S. Andres and N. Kajino. Continuity and estimates of the Liouville heat
kernel with applications to spectral dimensions. Probab. Theory Related
Fields, 166(3-4):713–752, 2016. 1407.3240. MR3568038
[Ang03] O. Angel. Growth and percolation on the uniform infinite planar triangula-
tion. Geom. Funct. Anal., 13(5):935–974, 2003. math/0208123. MR2024412
[Aru15] J. Aru. KPZ relation does not hold for the level lines and SLEκ flow lines
of the Gaussian free field. Probab. Theory Related Fields, 163(3-4):465–526,
2015. 1312.1324. MR3418748
[Ber96] J. Bertoin. Le´vy processes, volume 121 of Cambridge Tracts in Mathematics.
Cambridge University Press, Cambridge, 1996. MR1406564 (98e:60117)
[Ber15] N. Berestycki. Diffusion in planar Liouville quantum gravity. Ann. Inst.
Henri Poincare´ Probab. Stat., 51(3):947–964, 2015. 1301.3356. MR3365969
[BGRV16] N. Berestycki, C. Garban, R. Rhodes, and V. Vargas. KPZ formula derived
from Liouville heat kernel. J. Lond. Math. Soc. (2), 94(1):186–208, 2016.
1406.7280. MR3532169
[BJRV13] J. Barral, X. Jin, R. Rhodes, and V. Vargas. Gaussian multiplicative chaos
and KPZ duality. Comm. Math. Phys., 323(2):451–485, 2013, 1202.5296.
MR3096527
[BM] J. Bettinelli and G. Miermont. In preparation.
[BM17] J. Bettinelli and G. Miermont. Compact Brownian surfaces I: Brownian
disks. Probab. Theory Related Fields, 167(3-4):555–614, 2017. 1507.08776.
MR3627425
116
[BS09] I. Benjamini and O. Schramm. KPZ in one dimensional random geome-
try of multiplicative cascades. Comm. Math. Phys., 289(2):653–662, 2009.
0806.1347. MR2506765
[CLG14] N. Curien and J.-F. Le Gall. The Brownian plane. J. Theoret. Probab.,
27(4):1249–1291, 2014. 1204.5921. MR3278940
[DB09] F. David and M. Bauer. Another derivation of the geometrical KPZ re-
lations. J. Stat. Mech. Theory Exp., (3):P03004, 9, 2009. 0810.2858.
MR2495865 (2011a:81176)
[DMS14] B. Duplantier, J. Miller, and S. Sheffield. Liouville quantum gravity as a
mating of trees. ArXiv e-prints, September 2014, 1409.7055.
[DRSV14] B. Duplantier, R. Rhodes, S. Sheffield, and V. Vargas. Renormalization
of critical Gaussian multiplicative chaos and KPZ relation. Comm. Math.
Phys., 330(1):283–330, 2014, 1212.0529. MR3215583
[DRV16] F. David, R. Rhodes, and V. Vargas. Liouville quantum gravity on complex
tori. J. Math. Phys., 57(2):022302, 25, 2016. 1504.00625. MR3450564
[DS11] B. Duplantier and S. Sheffield. Liouville quantum gravity and KPZ. Invent.
Math., 185(2):333–393, 2011. 0808.1560. MR2819163 (2012f:81251)
[GHM15] E. Gwynne, N. Holden, and J. Miller. An almost sure KPZ relation for SLE
and Brownian motion. ArXiv e-prints, December 2015, 1512.01223.
[GHS16] E. Gwynne, N. Holden, and X. Sun. A distance exponent for Liouville
quantum gravity. ArXiv e-prints, June 2016, 1606.01214.
[GRV16] C. Garban, R. Rhodes, and V. Vargas. Liouville Brownian motion. Ann.
Probab., 44(4):3076–3110, 2016. 1301.2876. MR3531686
[HMP10] X. Hu, J. Miller, and Y. Peres. Thick points of the Gaussian free field. Ann.
Probab., 38(2):896–926, 2010. 0902.3842. MR2642894 (2011c:60117)
[JM] E. Jacob and G. Miermont. In preparation.
[KPZ88] V. Knizhnik, A. Polyakov, and A. Zamolodchikov. Fractal structure of 2D-
quantum gravity. Modern Phys. Lett A, 3(8):819–826, 1988.
[KS91] I. Karatzas and S. E. Shreve. Brownian motion and stochastic calculus,
volume 113 of Graduate Texts in Mathematics. Springer-Verlag, New York,
second edition, 1991.
[Kyp06] A. E. Kyprianou. Introductory lectures on fluctuations of Le´vy processes
with applications. Universitext. Springer-Verlag, Berlin, 2006. MR2250061
(2008a:60003)
117
[Lam67] J. Lamperti. Continuous state branching processes. Bull. Amer. Math. Soc.,
73:382–386, 1967. MR0208685 (34 #8494)
[LG99] J.-F. Le Gall. Spatial branching processes, random snakes and partial differ-
ential equations. Lectures in Mathematics ETH Zu¨rich. Birkha¨user Verlag,
Basel, 1999. MR1714707 (2001g:60211)
[LGA18] J.-F. Le Gall and C. Abraham. Excursion theory for Brownian motion
indexed by the Brownian tree. J. Eur. Math. Soc. (JEMS), 20(12):2951–
3016, 2018. 1509.06616. MR3871497
[MQ18] J. Miller and W. Qian. The geodesics in Liouville quantum gravity are
not Schramm-Loewner evolutions. arXiv e-prints, page arXiv:1812.03913,
December 2018, 1812.03913.
[MRVZ16] P. Maillard, R. Rhodes, V. Vargas, and O. Zeitouni. Liouville heat kernel:
regularity and bounds. Ann. Inst. Henri Poincare´ Probab. Stat., 52(3):1281–
1320, 2016. 1406.0491. MR3531710
[MS15a] J. Miller and S. Sheffield. An axiomatic characterization of the Brownian
map. ArXiv e-prints, June 2015, 1506.03806.
[MS15b] J. Miller and S. Sheffield. Liouville quantum gravity and the Brownian map
I: The QLE(8/3,0) metric. ArXiv e-prints, July 2015, 1507.00719.
[MS15c] J. Miller and S. Sheffield. Liouville quantum gravity spheres as matings of
finite-diameter trees. ArXiv e-prints, June 2015, 1506.03804. To appear in
Annales de l’Institut Henri Poincare´.
[MS16a] J. Miller and S. Sheffield. Liouville quantum gravity and the Brownian map
III: the conformal structure is determined. ArXiv e-prints, August 2016,
1608.05391.
[MS16b] J. Miller and S. Sheffield. Imaginary geometry I: interacting SLEs. Probab.
Theory Related Fields, 164(3-4):553–705, 2016. 1201.1496. MR3477777
[MS16c] J. Miller and S. Sheffield. Imaginary geometry II: reversibility of
SLEκ(ρ1; ρ2) for κ ∈ (0, 4). Ann. Probab., 44(3):1647–1722, 2016. 1201.1497.
MR3502592
[MS16d] J. Miller and S. Sheffield. Imaginary geometry III: reversibility of SLEκ for
κ ∈ (4, 8). Ann. of Math. (2), 184(2):455–486, 2016. 1201.1498. MR3548530
[MS16e] J. Miller and S. Sheffield. Quantum Loewner evolution. Duke Math. J.,
165(17):3241–3378, 2016. 1312.5745. MR3572845
118
[MS17] J. Miller and S. Sheffield. Imaginary geometry IV: interior rays, whole-
plane reversibility, and space-filling trees. Probab. Theory Related Fields,
169(3-4):729–869, 2017. 1302.4738. MR3719057
[PY82] J. Pitman and M. Yor. A decomposition of Bessel bridges. Z. Wahrsch.
Verw. Gebiete, 59(4):425–457, 1982. MR656509 (84a:60091)
[PY96] J. Pitman and M. Yor. Decomposition at the maximum for excursions and
bridges of one-dimensional diffusions. In Itoˆ’s stochastic calculus and proba-
bility theory, pages 293–310. Springer, Tokyo, 1996. MR1439532 (98f:60153)
[RV10] R. Robert and V. Vargas. Gaussian multiplicative chaos revisited. Ann.
Probab., 38(2):605–631, 2010. 0807.1030. MR2642887 (2011c:60160)
[RV11] R. Rhodes and V. Vargas. KPZ formula for log-infinitely divisible multifrac-
tal random measures. ESAIM Probab. Stat., 15:358–371, 2011, 0807.1036.
MR2870520
[RY99] D. Revuz and M. Yor. Continuous martingales and Brownian motion, vol-
ume 293 of Grundlehren der Mathematischen Wissenschaften [Fundamental
Principles of Mathematical Sciences]. Springer-Verlag, Berlin, third edition,
1999. MR2000h:60050
[She09] S. Sheffield. Exploration trees and conformal loop ensembles. Duke Math.
J., 147(1):79–129, 2009. math/0609167. MR2494457 (2010g:60184)
[She16] S. Sheffield. Conformal weldings of random surfaces: SLE and the quan-
tum gravity zipper. Ann. Probab., 44(5):3474–3545, 2016. 1012.4797.
MR3551203
[SW12] S. Sheffield and W. Werner. Conformal loop ensembles: the Marko-
vian characterization and the loop-soup construction. Ann. of Math. (2),
176(3):1827–1917, 2012. 1006.2374. MR2979861
Statistical Laboratory, DPMMS
University of Cambridge
Cambridge, UK
Department of Mathematics
Massachusetts Institute of Technology
Cambridge, MA, USA
119
